The largest eigenvalue of 
rank one deformation of large Wigner matrices 

Delphine Feral * and Sandrine Peche ^ 
February 2, 2008 

Abstract 

The purpose of this paper is to estabUsh universaUty of the fluctuations of the largest eigen- 
value of some non necessarily Gaussian complex Deformed Wigner Ensembles. The real model 
is also considered. Our approach is close to the one used by A. Soshnikov (c.f. 12 ) in the 
investigations of classical real or complex Wigner Ensembles. It is based on the computation of 
moments of traces of high powers of the random matrices under consideration. 

1 Introduction: model and results 

The scope of this paper is to study the spectral properties of some well chosen rank one perturbation 
of classical complex or real large Wigner matrices. Our model can matricially be described by a 
sequence {Misf)^ of some complex or real Deformed Wigner matrices given by 

Mat = -^Wn + An 
VN 



where An = {Aij)Kij<N is the N x N deterministic real matrix defined by Aij = with 6 > 
given independent of and, in the complex case, Wn = {Wi,j)i<i,j<N is a A x A Wigner Hermitian 
matrix with non necessarily Gaussian entries such that 

(i) on the diagonal, the entries are real and the 1 < i < N} U {^eWij, '^mWij : 1 < i < 
j < N} are real independent random variables, 

(ii) all these real variables have symmetric laws (as a consequence, E[Ty^'^|^"'^] = for all A; G N*), 

(iii) Vz < j, E[(KeWij)^] = E[(9'mVFjj)^] = The second moments of the diagonal elements 
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Wi^i are assumed to be uniformly bounded, 

(iv) all their other moments are assumed to be sub-Gaussian i.e. there exists a constant /3 > such 
that uniformly in i,j and k, 

In the real setting, Wn = iWi,j)i<i,j<N is a, N x N (non necessarily Gaussian) Wigner symmetric 

matrix which satisfies the following conditions 

(i') the {Wij, 1 < i < j < A^} are independent random variables, 

(ii') the laws of the Wij are symmetric (in particular, E[l/Fj^j^"^] = 0), 

(iii') for all i < j, K[W^j] = cr^. The second moments of the Wi^i are assumed to be uniformly 
bounded, 

(iv') all the other moments of the Wij grow not faster than the Gaussian ones. This means that 
there is a constant /3 > such that, uniformly in i, j and k, E,[W^j] < {(ik)^ . 
When the entries of Wn are further assumed to be Gaussian (with, on the diagonal, Wi^i ~ AA(0, cj^)) 
that means in the complex (resp. real) setting when Wn is element of the so-called GUE (resp. 
GOE), we will denote by the corresponding Deformed model. 

Let Ai > • • • > Aat be the ordered eigenvalues of M^. At this point, may be real or complex. 
If = 0, one recovers the classical Wigner Ensembles whose spectrum is quite well-known. Our 
interest is to study the influence of the parameter 9 on this spectrum and mainly on the largest 
eigenvalues. Some answerings have yet been obtained. 

First, on a global setting, the classical Wigner Theorem is still satisfied whatever the parameter 
> is (this is for example a consequence of Lemma 2.2 of ^). Thus, the limiting behaviour of 
the empirical spectral measure = YliLi ^>^i °f ensemble of type {i) — {iv) (or {i') — {iv')) 
is the semicircle law /Uq- whose density is given by 



On the other hand, the parameter 6 may affect the limiting behavior of the largest eigenvalues. Let 
us recall the results obtained for classical Wigner Ensembles. We denote by Ai > A2 > • • • > Aat 
the eigenvalues of {-^W]\[)n ■ It is a fundamental result due to [0] that the largest eigenvalue Ai 
converges almost surely to the right endpoint 2a of the semicircle support. Then it was established 
in ^3] and for the GUE (resp. GOE) that, for all real t, 



lim 

Af^oc 



N^/'\Xi - 2a) <t\= F^^{t) (resp. Ff^(t)), where F^^ {t) (resp. Ff^(i)) 



is the well-known GUE (resp. GOE) Tracy- Widom distribution (see |13j for precise definitions). 
A. Soshnikov later extended in these results to arbitrary complex (resp. real) non-Gaussian 
Wigner matrices {-^W]\[)n of type (i) — {iv) (resp. {i') — {iv')). 
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Recently, the behavior of the largest eigenvalues of complex Deformed GUE was investigated in 
details in (see also ) . It is proved therein that the fluctuations of the largest eigenvalue Xf of 
(M^)jv exhibit a phase transition according to the value of d. Define 



Pe 



+ — and a0 = a 



02 



02 



Theorem 1.1. ^] For any real t, 

"iV2/3 - 2a) < t 



if 6 > a, then lim ] 



1 



if 9 < a, then lim ] 



2TTag 
it), 



3 '"e du, 



pTW 



ife 



a, then lim ] 



iV2/3 (Af -2a) <t 



(t), where F^^ is some generalized Tracy- 



Widom distribution (see I9j, p. 2-4 and ^2] Subsection 3.3 for precise definitions). 

The extension to the real case has not been obtained yet. Nevertheless, it can be inferred from 
the results of jH] and communications with J. Baik (forthcoming paper In particular, denoting 
by F-[^ the GOE Tracy- Widom distribution, one should obtain the following result. 

Conjecture 1.2. Let be the largest eigenvalue of the Deformed GOE. For all real t, 



(i) Ife>a, then lim I 

(ii) If 9 < a, then lim ] 

N^oo 



iV2/3 (Af -2a)<t 



du. 



pTW 



it)- 



Some generalizations of Theorem 11.11 have been obtained. In 4 , the almost sure limit of the 
first largest eigenvalues of any complex or real Deformed Wigner model {M]sf)i\f is investigated. 
It is proved therein that for any complex or real Deformed Wigner matrix {Mn)n, the largest 
eigenvalue Ai a.s. jumps outside the support [—2a, 2a] of the semicircle law to the value pg as soon 
as 9 > a. If < < fj, Ai still tends to the right edge 2a. 



Our paper is mainly devoted to the study of fluctuations of the largest eigenvalue of non neces- 
sarily Gaussian complex Deformed Wigner Ensembles of type (i) — (iv) and of parameter 9. Our 
main result is that the universality holds for any 9 > 0. Our investigation also concerns non nec- 
essarily Gaussian real Deformed Wigner Ensembles of type {i') — {iv') and yields the proof of the 
second point of Conjecture E21 

We first prove the following universality result. 

Theorem 1.3. Theorem \l.l\ is true for the largest eigenvalue Ai of any complex Deformed Wigner 
Ensembles of type (i) — (w). 
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When 9 < a, we can state a stronger result namely that the parameter 6 does not affect the 
asymptotic behavior of the distribution of the k first largest eigenvalues of any complex Deformed 
Wigner Ensemble of type (i) — (iv), for any fixed integer A: > 1. Hence, all the asymptotic results 
established in jl2j for general non-Gaussian Hermitian Wigner Ensembles {9 = 0) extend to the 
case where 9 < a. 

Theorem 1.4. Assume that 9 < a. Let k > 1. Let Aj denote the i^^ largest eigenvalue of a complex 
Deformed Wigner Ensemble of type (i) — (iv). Then, for all (ti, • • • G M'^, 

lim P [iV2/3 _ 2cr) <ti,--- ,iV^/^ (Afc - 2a) < tJ = F^^iti, ■ ■ ■ ,tk), where 

N—*oo L J ' 

= and F"^^ is the Tracy- Widom limiting joint distribution of the k first eigenvalues of 

the GUE (given e.g. in 

All our middle results being also true in the real setting (with small modifications), we also 
consider throughout this paper the real model. Actually, once the whole real version of Theorem 
11.11 will be proven, our main Theorem 11.31 can readily be extended to the real framework (see the 
next Section 121 for a justification). Yet we prove an analog of Theorem 11.41 in the real framework 
which in particular gives the last point of Theorem II. II in the real case. 

Theorem 1.5. Assume that 9 < a. Let k > 1. Let Aj denote the i^^ largest eigenvalue of any real 
Deformed Wigner Ensemble of type {i') — {iv' ). Then, for all (ti, • • • , tfc) G M'', 



lim ] 



iV2/3 (Ai - 2a) < ti, • • • ,iV2/3 (Afc - 2a) < tJ = F^^iti, • • • ,tfc), where 



Ff^ = F-[^ and F^^ is the Tracy- Widom limiting joint distribution of the k first eigenvalues of 
the GOE (given e.g. in 



Remark 1.6. At this point we would like to point out the fact that results of Theorem 11.11 have 
been proved for more complex Deformed GUE models. On the one hand, because of the rotational 
invariance of the GUE distribution. Theorem 11.11 holds for arbitrary deterministic matrix A^r of 
rank one and of eigenvalue 9. On the other hand, the results of are stated for any deterministic 
deformations Aj^j oi fixed rank k >!. The natural problem of the universality of the fluctuations 
arises for such deformations but is beyond the scope of this paper. In a forthcoming paper, we 
will prove that universality does not hold for instance if one chooses the diagonal matrix Aj^ = 
diag(0, . . . , 0). We will also investigate deformations of fixed rank A; > 1. 

The derivation of our results uses ideas and combinatorial techniques similar to those used by 
Y. Sinai and A. Soshnikov in JHI) and ^2j. Following especially the approach developed in 
jl2j . we compute the limiting behavior of the expectation of traces of high moments of defined 
by 

E[tr M^^(+i)] = ^[^*o,n • • • M,,^-i(+i),io]- (3) 

l<io,n,--- ,«2s-i{+i)<^ 
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for some powers s = sn such that hniAr^ooSTV = oo. In particular, we study in details the 
contribution to (jSJ from the closed paths V = {io,ii • • • i2s-i(+i)7 ^0} of length 2s(+l) on the set of 
vertices {!,••• , N}. The strategy is to show that the leading term in the asymptotic expansion of 
(jSJ, for specific exponent sn, comes from the paths whose expectation only depends on 6 and a. This 
implies that, up to a negligible error, @ has the same limiting behavior as in the case the matrices 

Wn are of the GUE. In other words we show that E[tr M^^'^+^^j = E[tr (M^)^'^"^^^](l + o(l)). This 
strategy can be deepened to derive similar results for all higher moments (see Section 6). 
Our paper is organized as follows. In Section 2, we present the main elements of the proof of our 
theorems and explain why they follow from universal limiting behavior of moments of high traces 
of Mat. We then recall in Section 3 the needed specific terminology introduced in _12-. Sections 4, 
5 and 6 are devoted to the complete proof of case 6 > a. We next consider the case where 6 = a 
in Section 7. At last, we justify the case where < < a in Remark 17. 131 

From a notationnal point of view, throughout this paper, the notations C, Q, 1 < i < 6, C" and C 
will be used for different positive constants. 



2 Core of the proof 

Here, we first mainly concentrate on the case where 9 > a. We show how universality of the fluctu- 
ations of the largest eigenvalue of general complex Deformed Wigner Ensembles of type (i) — (iv) 
can be derived from the computation of limiting moments of traces of high powers of M]\f. This 
is inspired from the approach of jl2j . At the end of this section, we point out the main modifi- 
cations needed in both the cases where 9 = a and 9 < a and also quickly discuss on the real setting. 



In the case where 9 > a, we shall handle with powers sat of the order v N. It is indeed expected, 
from Theorem ll.il that the largest eigenvalue Ai exhibits Gaussian fluctuations around pg in the 
scale In particular, we prove (in Section 5) the crucial fact that, for sn = [t\/iV] with t > 0, 



lim E 



Tr 



Pe ) 



+ Tr 



Mn 



E 



Tr 



Ml 
Pe 



2sf 



+ Tr 



2s p 



0. (4) 



Basically, one intends to prove that only the largest eigenvalue Ai (resp. Xf) contributes to the 
first (resp. second) expectation in the l.h.s of @. Let A^ > • • • > A^ be the ordered eigenvalues 
of {M^)]\f (of the Deformed GUE). We decompose the eigenvalues of Mjv and as follows 



^3 



G 




if Xj > and Xj 



-2cr + 



Ar2/3 



if A^ > and A^ 



G 



-2a + 



, if A,- < 0, 



if Xf < 0. 
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The strategy to derive universaUty for the fluctuations of the largest eigenvalue from can be 
summarized in three steps. 

The first step shows that for both Mjy and and for all t > 0, the random variable 



AG) 

'N,t 



Tr 



M 



(G) \ 2[tv^] 



N 



+ Tr 



M 



(G) \ 2[tVlv]+i 



N 



Pe 



P9 



E 



(G) 



(5) 



\6°''\<m/<i 



converges to a.e. as in the norm, for all fixed k > 1. Formula @ will be proved below. In 
the case where 6 > a (only), the a.e. and norm convergence are actually enough to derive the 
announced fluctuations for the largest eigenvalue (see also the end of the section for the other cases). 



The second step follows from results of 9^ which ensure that 3 6 > such that for \t\ < 6, 



lim E 



[ E 



e 



Lg{t), where Lg is the Laplace transform of the law Af{0,ag'^). (6) 



|5G|<^l/6 



Let then Piv(Ai, . . . , Aat) be the symmetrized joint eigenvalue distribution on R-^ induced by any 
Deformed Ensemble M^r and, for all 1 < m < A^, denote by one of its m-dimensional marginal. 
Define then the associated m-point correlation function Rm of P^v by 



m 



{N -my. 



■ N- 



(7) 



Note that Rm is a distribution in general. From © , the above results combined with the machinery 
developed in pEI yield that the rescaled one point correlation function pi{x) = -^Ri{pg + of 

Mat satisfies, for all t G M, limAr_»oo /.°° Pii^) ^x<N^/^ '^^ ~ It^ i exp { — ^} du. Actually, the 
following stronger result holds 



lim 



pi(x) dx 



: exp { 2 } du. 



(8) 



Indeed, in Lemma 12.21 given below, we will establish that there exist two constants C3, C4 > such 
that : Aj > pg{l + -^)} > ol < C3 exp {-QiV^/^}. This yields (© since 



i: 



Pli^) la:>iVl/B dx 



Ri{y)dy < iVCg exp {-QA^^/^} ^0 as TV ^ 00. (9) 



At last, the third step is based on Lemma 12.31 proven below which states that only the largest 
eigenvalue of M^v separates from the bulk and that it is close to pg. To be more precise, this lemma 
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implies that there exists Ci, C2 > such that, given R < 0, \/t > R, 



3 at least two eigenvalues of M^r m]pg -\ — —, 00 [ 

v A'' 



< Ci exp{-C2SAr}, 



(10) 



for N large enough. In this way, we claim that the largest eigenvalue Ai of any complex Deformed 
Ensembles of type (i) — (iv) has the same limiting behavior as that of the Deformed GUE. To see 
it, let Dn denote the random number of eigenvalues of Mn in the interval / =]pe + c>o[. Then, 
with Rm{xi, . . . , Xm) given as in Q, one has 



N{Xi-pe)<t] = P(Djv = 0) 



i-e(i:i,(a.))+e^/„ 

\i=l / m>2 •'^ 



Rm{xi 



; • • • ) -^m. 



lldXi. (11) 



1=1 



Then, using ((TU|l . 

(-ir 



m>2 



ml 



Rm{xi,...,x^)dxi---dxJ\ = |p(Z)jv = 0)-l + E^^l/(Ai)^ 



= |e - P (I^w > 1) I = |e l/(Ai)lD^>2^ - P (Div > 2) I 

< {N + 1)^{Dn > 2) < (iV + l)Ciexp{-C'2Siv} ^ as iV ^ 00. 

Noticing that E 1/ (-^i)^ = j Ri{y)dy = Pi{x) dx, we derive Theorem II .iil for 9 > a. 

Let us now return to formula Q and prove the announced convergence. We first show that the 
negative eigenvalues do not contribute to ©. Given a real c > 0, we define for i = 1,2 



A, 



2s/v 



E V2 ^ +1/2 ^ 



A, 



2sjv+l 



(12) 



where ^ (resp. ^ ) corresponds to the summation over {i : -2a - c/N^/-' < Xj < 0} (resp. 
{j : Xj < —2a — c/A^^/^}). As pg > 2a, it is an easy fact that |ri| < exp{— Csat}, for large 
enough (for a constant C > ). Considering r2, we have that 



^2! < 



1 + pe/2a 



E 



Aj<-2(T-c/Af2/3 



^ \ 2SJV+1 

Pe 
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But, denoting as above by Aj the i^^ largest eigenvalue of the corresponding rescaled Wigner matrix 
-^W]\f, the so-called interlacing property of eigenvalues states that 

Ai > Ai > A2 > A2 > • • • > Atv > Ajv. (13) 

] . By the investigations of 201 re- 

Pe J 

called in Theorem 14.21 below, we then deduce that all the moments of r2 vanish as N goes to 00. 

Now, we examine the contribution of the positive eigenvalues which can be expressed as the 
sum r3 + r4 + where for z = 3, 4 and 5, rj is given by dJ, the summation is over {j : Xj > 
0, < N^/'^}, over {j : Xj > 0, < -N^/^} and over {j : Xj > 0, > N^/^}. 
First, it is an easy fact that = |<Afi/e e*^-'(l + 0(A'^~^/^)). We then show that the other terms 

lead to a negligible contribution. First, one readily has that |r4| < A^exp {-CA^i/^}. The analysis 
of the term leans on the following lemma. 

Lemma 2.1. If 9 > a, for all k in N* , for any ti,l < i < k, in a compact subset K o/M^*, 

2[uVN]{+1)\ 



3C = C(K)>,.W.{^Tr{^) 



For the proof, we refer to Sections 5 and 6. Thanks to this result, we can estimate the contri- 
bution of r^. Note that 

(\ 2s«-l 
1 



<Tr(^) '"exp{-C7iVV6}. 



According to Lemma l2. 11 we trivially deduce that all the moments of r^ tend to zero as N ^ oo. 
This finishes the proof of formula @, yielding the first step. 

Lemma 12.11 also ensures that the positive eigenvalues are not too large. This is stated in the 
next lemma which completes the proof of @. 

Lemma 2.2. There exist two positive constants C3 and C4 such that, for N large enough, 

^{i : Xi > pe{l + j^)} > 0] < C3exp(-C4iVi/^). 
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Proof of Lemma 12. 2t From the Chebytchef inequality, we readily have that 



Hi : Xi > peil + ^)} > 



<(pe + 



pe Y^m^^ 



E TrM 



2[<5Ari/2] 
N 



where 5 is a real > 0. For N large enough, we derive from Lemma l2.ll that 3 C3 > 0, C4 > such 



that P 



1 



S{i : Xi > peil + ^)} > 



At this stage, it remains to prove the following fundamental lemma which readily gives HlOj) . 
Lemma 2.3. There exists a positive constant C2 such that 

¥ ^{i>2: Xi>2a + (pe - 2a)/2} > < exp {-CsSat}. 

Proof of Lemma 12.31 By the interlacing property of eigenvalues, it is clear that only one 
eigenvalue of Mn is close to pe since 



tJ{i > 2 : Xi >2a + {pe - 2a)/2} > 



< 
< 



ti{i > 2 : A, > 2cr + (pe - 2a)/2} > 
< exp{-C2SAr| 



2s;. 



2a + {pe - 2a) /2^ 

for some positive constant C2. The last inequality follows from Theorem 14.21 □ 

Thus we get the statement of Theorem I in the case 9 > a. In the real setting, one can expect 
the same proof with AA(0, o"|) instead of the law AA(0, 2(t|) (recall Conjecture II. 2|1 . 

In both other cases where 6 = a and 9 < a, the fluctuations of the largest eigenvalue are 
expected to occur in the scale A^~^/^ around the edge 2a. This is exactly as for classical Wigner 
Ensembles {9 = 0) except the derivated limiting distribution. The scheme to state the complete 
universality follows the same steps as in the case 9 > a (with 2a instead of pe and replacing the 
law AA(0, cj|) with ii 9 = a and with FJ^^ if 9 < a). The asymptotics of correlation functions 
of the Deformed GUE required to establish the second step are straightforward from Propositions 
2.1 and 2.2 in and Subsection 3.3 in The proof then mainly boils down to universality 
of the limiting expectation of Traces of exponent of type o{N'^^'^) and 0{N'^^^). Nevertheless the 
derivation of the result requires more complex considerations than the previous analysis. Indeed, 
here, the largest eigenvalue does not separate from the "bulk" and the whole spectrum lies in 
[—2a — ^"^)2cr + ^"^]- In fact, the reasoning is very close to that done by A. Soshnikov for 
general Wigner Ensembles and we refer to Sections 1,2 and 5 of |12j for details. In particular, 
universality of all higher moments of the traces is required. Note that in the case where 9 < a, we 
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actually prove @ and © but also that the same formulaes hold with replaced with -^W^. 

Moreover, convergence of Q in the L'^ norm for any fixed k > 1 ensures universality of the lim- 
iting joint distribution of the k first largest eigenvalues of any Deformed Wigner Ensemble and 
that this limit is the one of the GUE. A detailed proof of this fact is presented in fT^. In the 
real setting (and again under 9 < a), the same reasoning shows that the fluctuations of eigenval- 
ues of Mn are compared to those, well known, of the largest eigenvalues of the GOE instead of M^. 

The rest of our paper is hence mainly devoted to the analysis of © for some powers = 
2sjv(+l). This is based on the combinatorial machinery developed in jlOj, and Before we 
proceed, we recall the main definitions needed in this paper and introduced in [Tn]-|12j. 

3 Terminology: classification of instants and vertices 

To each term in the expectation Q, we associate a path V = {io,ii, • • • ,iL-i,iL = io} of length 
L > 1 where ij £ N* (in this paper, we restrict to vertices in {I,-- - ,N}). Note that loops are 
allowed i.e. it may happen that ij+i = ij. To explain our counting strategy, we need to recall some 
definitions given in |12j . 

Definition 3.1. The instant j = 1, . . . , L is said to be marked for the closed path V if the unordered 
edge {ij-i,ij) occurs an odd number of times up to time j (included). The other instants are said 
to be unmarked. 

Throughout this paper, we denote by Vm,i the set of paths V of length L = 1 + 2m having l + m 
marked instants and m unmarked instants. In particular, Vmfl corresponds to the classical even 
closed paths used in the framework of the classical Wigner Ensembles. We associate to each path 
V a trajectory x = {x{t), < t < L} of a simple random walk on the positive half-lattice such that 

x(0) = 0, x{L) =l;yt€ [0,L], x{t) > 0, 

x{t) — x{t — 1) = 1 (resp. — 1) if i G N* is marked (resp. unmarked). 

Thus, the associated trajectory x of a path V of Vm,! is such that l + m = #{t, x{t) — x{t — 1) = 1} 
(up steps) and m = x{t) — x{t — 1) = —1} (down steps). We define by Tm,i the set of such 
trajectories x and we let T^j = i^%n.i. The elements of %nfi are often called Dyck paths. 

Proposition 3.2. For L = I + 2m, one has T^ i = (71+"" - C]""^ = , {1 + 1)- 

[I + m + \)\m\ 

Remark 3.3. Proposition 13. 21 is a straightforward consequence of the symmetry principle used in the 
historical proof of the Wigner Theorem (c.f. ^ for example). One can also notice that, amongst 
the paths of 7^^/, exactly Tm,i-i (resp. Tm-i,i+i) have a last step up (resp. down). 

We also need to refine our classification of vertices of a path V of Vra,i- 
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Definition 3.4. A marked instant j is called an instant of self intersection of V if there exists a 
marked instant j' < j such that iji = ij . 

Definition 3.5. A vertex i is said to be a vertex of simple (resp. k-fold) intersection ofV if there 
exist exactly two (resp. k) marked instants such that ij = i. 
A path without self-intersection will be called a simple path. 

We can now split the vertices of "P G 'Pm,i into I + m + 1 disjoint subsets such that 

l+m 

{l,...,iV}= U A4, (14) 

k=0 

where A4 is the subset of vertices of fc— fold self intersection. Taking iVj, = if^N'k, such a path 
V will be said of type {No, Ni, ■ ■ ■ ,Ni^m)- In particular, the simple paths of T'rn,i are of type 
(A^ — (Z + m), / + m, 0, • • • ,0). It may happen that the origin io is unmarked and then it is in Mo- 
Otherwise io is marked and Mo contains only vertices not belonging to V. 




Figure 1. Left fig.: A path V G 7^6,4 with origin 1 unmarked. Afi = {2, 5, 7, 8} and 
J\f2 ~ {3, 4, 6}. Right fig.: A simple path V of Pg.s where the origin 1 is marked. 



4 Asymptotics of ElTrM^'''^^^'] for 1 << s^v << and e> a 

The aim of this section is to prove the following theorem for any general complex or real Deformed 
Wigner Ensemble of type (i) — (iv) or (i') — {iv'). 

Theorem 4.1. Assume 6 > a. Then, for any sequence 1 << sn « o-nd for = 2s7v(+l) 

E[trM;^-]=p^-(l + o(l)). (15) 

For the sake of clarity, in the whole paper, we only consider traces of even powers of M^r, since 
the reasoning is exactly the same for odd exponents. Theorem 14.11 must be compared with the 
analogous result established in JHl for classical Wigner Ensembles (i.e. = 0). 



11 



Theorem 4.2. \1(JI/ For any sequence sn such that 1 << « ^fN , 



Remark 4.3. The strategy used in the sequel also leads to the following universal estimates, very 
close to those of Theorem 14.21 in the case where 9 < a. One has 

2s]v+l 



ntr (^) " ] = o(l) and E[tr (^) " ] = -^^(1 + o(l)), if ^ < 
E[tr(^ ]= (1/2 + 0(1)) and ^tr ]= + if ^ = ^. 



Our proof of Theorem 14. II often refers to that of Theorem 14. 21 which we briefly recall. The first 
estimate of (|16|) follows from the symmetry and independence assumptions on the Wigner matrix 
entries. It is proved in ^Uj that the main contribution to the second expectation in ()16() comes 
from even simple paths with an unmarked origin, as in the proof of the classical Wigner Theorem 
(c.f. Jl). As each of these paths has exactly sj\f edges passed twice, once in one direction and once 
in the reverse direction, it is uniquely determined by a trajectory x of Tgf^fi, the gift of the origin 
and of the vertices at marked instants. One then readily deduces that their total contribution is of 

the order of T,^ „ iV"^+i (t?)'^ = — N a^^^. Stirling's formula yields then the result. 

A* s n\{sn + 1)! 

For the proof of our Theorem l4.11 we shall examine paths of the whole {Vm,h ^ + 2m = 2sj\f, I > 
0}. Theorem 14.21 actuallv gives the contribution of the even paths (/ = 0) of any Deformed model 
Mtv . Indeed, one has that E(|Mij|2) = ^(cj^ + ^),Vi,j < iV. But, in the whole paper, we will 
replace + ^ with o"^ (for any ^ > 0), since, in no cases, the error made will affect the final result. 
Then, as pg > 2a if 9 > a, the contribution of even paths is negligible (compare with (QHl))- The 
investigation of paths with at least one unreturned edge (i.e. / > 0) is quite different. In particular, 
the origin can here be marked in typical paths (i.e. those giving the main contribution to the 
expectation). In fact, to obtain the precise estimate of Theorem l4.11 we need to refine the counting 
procedure of lIQj (because of the not returned edges"). We shall also consider separately the 
cases where the origin io is marked or not. We prove that, when the origin Iq is marked, simple 
paths of {Vm,h I > 1} are typical (c.f. Subsection 14. 1|) . In the case where io is unmarked, we 
establish that paths with only one simple self-intersection are typical. This later result requires a 
finer study which will allow us to boil down to paths with a marked origin (c.f. Subsection 14. 2|) . 

4.1 Paths with marked origin ig 

Let us first compute the contribution of simple paths. Consider such a simple path V of length 
2s N belonging to some T'm,h with / > 1 and / + 2in = 2sn- Since V belongs to Vm,h it has exactly 



12 



/ + m marked instants and m unmarked instants. As V is simple, it has exactly / edges that 
appear once and m edges that appear twice, once in one direction and once in the other direction. 
Thus the contribution of V to the expectation ¥,[trM'^'^] is equal (at the leading order) to '^j^i+m ■ 
The last point is that a simple path of Vm,i with a marked origin is uniquely determined (see 
Remark 14.51 below) by a trajectory x of T^j and the I + m distinct values at its marked instants. 
From this we deduce (as 6 > a) that the total contribution of simple paths with marked origin is 

2 2 

Tm,i9^(y e 2^ = p fil - + o(l)). 

Z>0, 1 even 

Remark AA. One has that J2t^=oTm,ie^ a^"" = o{{2a)^'^) if 9 < a and J2m=oTm,iO^ a^"" = 
(2o")^*^/2 ii 9 = a. This fact combined with the following analysis then justifies Remark 14.31 

Remark 4.5. If P is a simple path of length 2sn with marked origin, it is not hard to see that the 
instant Tq of the marked occurence of the origin is uniquely determined. If the last step of V is up, 
then To = 2sn- Otherwise To = inf{i > 0, x{t) = I and Wt' > t, x{t') > 1} (see Figure 1 above). 

The following theorem shows that typical paths with marked origin are simple if sat = o(\/iV). 
Theorem 4.6. Assume 9 > a. Then, for any sequence 1 << sn << \fN and for = 2s7v(+l) 

E[ Paths with a marked origin] = pn'^ (1 — 7^)(1 + o(l)). (17) 

We shall now show that, amongst paths with a marked origin, paths with some multiple self 
intersections give a negligible contribution to the expectation. For such paths, one can observe 
that the instant of the marked occurrence of the origin is not determined any more and there are 
multiple ways to close edges opened previously. Throughout the rest of this subsection, we only 
consider paths with a last step up. The case of paths with marked origin and a last step down will 
be studied at the end of the Subsection 4.2. Assuming the last step is up avoids technicalities (see 
Subsection 4.2). Indeed, when the last step is up, the origin is well defined, once the vertices at 
marked instants have been chosen. Thus, with respect to the analysis made in ^IQ^, one essentially 
only has to pay attention to the unreturned edges of the path. Such edges have to be taken into 
account in the estimation of the closing of the path as we explain now. 

4.1.1 Closing of the path when the last step is up. 

Before proving Theorem 14.61 we give an important technical result which is analogous to Lemma 1 
of jlj. Let V he a path in Vm.i of type {No, A^i, • • • , Ni^m) and whose last step is up. By definition 
of the Nk (see Section 3), one can readily verify the following relations 

l+m l+m 

^Nk = N, ^kNk = l + m. (18) 

k=0 k=l 
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Assume that we have chosen the distinct vertices occuring at the marked instants of V. Call 
then Q.m the number of ways to fill in the blanks of V at the unmarked instants (notice that 
in references ^Uj, jTJ and ^1], the authors use the notation Wm)- We then set Q-rnM'max '■= 



max J^m|IE 

V of type [No^Ni,- ,Ni+^) 



ijtj+l 



Proposition 4.7. There exists C > independent of N,S]\f and m such that 

n^^max < n (^^)''''^- IK^^)''''^^' ^ (19) 



Proof of Proposition 14. 7t The main difference from the proof of Lemma 1 in follows from 
the existence of the / odd edges. One can readily check that < nfe>2(2^)''^* • Then, using the 
same arguments as in we obtain that 



2sM 



-iV'+- ii Ui'j'V. l(ij)l li* i-L^^"' 

{i'j') even, l{i'j')>2 ^ ■' ' (ij) odd, l{ij)>2 ^ k>2 k>2 



(20) 



^2mal _A_ 



s ^ n (c.i^r^ n 

k=2 (ij) odd, l{ij)>2 



In (HOI), we have used that if an edge (^'j') (resp. {ij)) occurs an even (resp. odd ) number of times 
2l{i'j') (resp. 2l{ij) + 1), then the path is closed l{i'j') (resp. l{ij)) times along the same edge. 
The term nfc>2 '^''^'^ 

comes from edges read three times. For such edges (ij), one can check that i 

or j is necessarily a self intersection and that E(M?.) < i(j'^9/N'^ (and \E(M^'^Mij)\ < Aa^O/N"^). 
Now, let (ij) be an odd edge of V for which l{ij) > 2. Then l{ij) = k{ij) + k{ji) — 1, where k{ij) 
denotes the number of times i is marked in the edge (ij). Then l{ij) < 2 max{fc(ij), A;(ji)} and 
denoting by m{ij) := max{/c(ij), k{ji)} we have that 

n ^(ij) < n miij)ii2'^^ 

(ij) odd, l(ij)>2 (ij) odd, ■m{ij)>2 k>2 

<n2'^'= n "^(^■^■) n "^(^■^■)- (^i) 

k>2 (ij) odd, 2<m{ij)<3 (ij) odd, 3<m{ij) 

Now, for a vertex of self intersection i, we denote by p{i) the number of odd edges {iji),l = 
1, . . . ,p{i), such that 

k{iji) = max{k{iji),k{jii)} and k{iji) > 3. 
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Then, denoting by ki the number of times i is marked in V, JJ^(Ui) < kf^^^ < k^'^^, since neces- 

1=1 

sarily h > 3p{i). Inserting this in (ETJ), we obtain that JJ Ku) < H 11 Thus 

(ij) odd fc>2 fc>3 



Jlm|E JJ Mi^i^.^J < Jl (eCiA;)''^* JJ k^^^^'^j^i^- We then readily deduce □ 

i=0 fc>2 fc>3 

Remark 4.8. One can note that Proposition 14.71 also holds, up to minor modifications, for paths 
with last step down if, in this case, denotes the number of ways to fill in the blanks of V once 
vertices at the origin and marked instants are given. 

4.1.2 Contribution of paths with last step up and self intersections 

We now come back to the proof of Theorem 14.61 for paths with last step up and prove that paths 
with self intersections give a negligible contribution to the expectation. Consider (/,m) such that 
/ + 2m = 2sn- Given {No, Ni, ■ ■ ■ , Ni+m) satisfying (fTH|) . the number of ways to distribute the 
/ + m marked instants of such a path is ^^^l^}',^ and the number of ways to affect the vertices is 

nfe>i(fc!) 

^' . Once the marked vertices and origin are chosen, the contribution to the expectation 



No\Ni\-Ni+,^\ 

of paths of Vm,i of type {No,Ni, ■ ■ ■ ,Ni^rn) with last step up can be bounded from above by the 
r.h.s. of (|19|) . Accordingly, the added contribution of paths of Vrn,i of type {No, Ni, . . . , Ni^m) and 
having a last step up can be estimated from above by 

iV! {l + m)l 

Nom...N,^j. ^'"''-1 

10 (C{m + l)] 1+^ {{C{m + l)f/^] 

< Tm ,__,e'a^rnj^N--N^^il+m) yX W V TT V^^ _ (22) 

- 1 11 N I 11 N ] ^ ^ 

k=2 " k=U 

The last inequality follows from Proposition 14.71 (and T^^i-i = #{x £ with a last step up}). 

As before, C denotes a positive constant whose value may change from line to line. 
Moreover, as N - No - {I + m) = - Eitl?(^ - l)^^fc (by (CHI)), one obtains that 

m<Tm,i-i9a [[—[ ) [[—[ ) . (23) 

fc=2 fc=ll 

Set now Y^^^^Nk = Mi + M2 with Mi = J2k>ii^k and M2 = Efc°=2^fc- We have, as long as 
Sn = 0{N'^/^) (which will be the greatest scale of use in this paper) that 

^ TT 1 ({C{m + l)f^l^-^N^ 



{Nk,k>ll)/ •£k>iiNk=Mi k>ll 
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1 



Ml! 



E 



(7Vfe,fc>ll)/ Efc>iiAffc=A^i 

Similarly, one obtains that 



in ^ ^^^^ ^ " ^ 



Ml 



(24) 



{iVfc,fc=2,...,10)/ E2<k<10^k=M2 



1 /(C(m + /))'=\iVfe 1 
iVfc! V iV^-i ^ 



Mo! 



Ma 



(25) 



Recalling that paths with multiple self-intersections are such that < X]fc='2 ^-^k > the summation 
of (^5]) over all the (A'^o, • • • , Ni^m) such that Mi > (and any M2 > 0) is not greater than 



T^,i.,e^a^- xexp{Hi±^}x [exp(CiV-2/9) 



1 



(26) 



As exp (CA^~^/^) — 1 = 0{N^'^^^) = o(l), this ensures that the contribution of paths for which 
there exists a vertex of fc— fold self-intersection such that /c > 11 is negligible. At last, we shall 
consider paths with multiple self intersection of type smaller than 10 which amounts to consider 
the summation of ((231) o'^^r all the (A'^O) ' ' ' , ^i+m) such that M2 > 0. It is not greater than 



■ ^ {C{l + m))\ 
exp{ } - 1 



(27) 



As Sat = o{N^^'^), one has that exp{ ('^(^+"^)) | — i = o{l) uniformly in /. As a consequence (and 

noticing that X]/>2 ^m.i-i^'cr^™' = (^ ~ o'^/^)Pe'^'^ ""^(1 + o(l))), we deduce that the summation 
of 1)27(1 over all I is negligible with respect to l(T7|) . Theorem 14.61 for paths with last step up is 
established. □ 



4.2 Paths with a last step down 

In this section, we still consider paths where at least one edge is passed an odd number of times (i.e. 
/ > 0). Indeed, even paths (/ = 0) are considered in Theorem 14. 21 and give a negligible contribution 
(as 9 > a). We first investigate paths whose origin is unmarked and establish the following result. 

Theorem 4.9. Assume > a. For all 1 << sn << VN and for Ln = 2sAr(-|-l) 

E[ Paths with an unmarked origin] = Pg'^-^{^ + o(l)). (28) 

u 

In the last part of this subsection, we will consider paths with last step down but a marked 
origin and hence finish the proof of Theorem 14.61 
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Before we proceed the proof of Theorem 14.91 we give a sketch of our reasoning. A path 
V £ Vm,i with I > 1, io unmarked and a last step down has necessarily a self-intersection. 
But, as soon as there exist multiple self-intersections, the geometry of the path becomes com- 
plex (compare with simple paths handling in the previous subsection). For instance, a path of type 
(A^ — (/ + m), / -|- m, 1, 0, • • • ,0) with £ Mo (and / > 0), is defined by a trajectory x of %n^i, 
I + m distinct vertices and the instant of the second "marked" occurence of the vertex of simple 
self-intersection. Analyzing in details the geometry of paths with last step down, we build a corre- 
spondence, fundamental throughout the paper, between paths with last step down and unmarked 
origin (resp. marked origin) and paths with marked origin and a last step up. In particular, the 
correspondence is such that paths of type (A^ — (/ + m), / + m, 1, 0, • • • ,0) with io £ Mo are "in 
bijection" with simple paths having a last step up whose contribution was precisely estimated in 
Subsection 4.1. Thus paths with several self-intersections and io £ Mo are associated to paths with 
a marked origin and at least one multiple self-intersection whose contribution is negligible according 
to the reasoning of the previous subsection. Finally, the correspondence is used to consider paths 
with last step down and marked origin. 

Proof of Theorem 14. 9t 

l*** step: Construction of the correspondence. Consider a term in the trace TrMff (for any s) 

Mi^i,Mi,i,Mi,i, ■ ■ ■ Mi,^_,i^ (29) 

such that the corresponding path V £ Vm,i has an unmarked origin. Assume that the first odd 
edge of this path is read for the first time at instant 2k + 1. Here we mean that the left endpoint of 
this edge occurs at time 2k. Denote by {vw) this oriented edge (i.e v = i2k and w = i2k+i)- Here 
we assume that the first odd edge is read at an odd instant, but the reasoning is similar in the case 
where it is even. Consider then the path V' defined by the term 

^i2.+iW2 • • • Mi,^_,i^.Mi^i,Mi,i,Mi,i, ■ ■ ■ Mi^^_^i^^Mi^^i^^_^^, (30) 

which has the same edges, visited with the same multiplicity as in V (that means that V and V' 
have the same weight). Note that in V' , the origin w = i2k+i is marked and determined by the 
way we distribute the marked instants, since the last step of V' is up. Furthermore, all the edges 
(ioh), («i«2)) ■ • • ! (^2fc-i^2fc) are even in V as in V' . Given k and V , we can identify V. We simply 
move one by one the 2k + 1 last edges of V' to the beginning, reversing the operation leading from 
H29|) to (|3U() . until we obtain a path with unmarked origin. 

Let then p be the number of edges opened but not closed before time 2k in V. Note that p > 1. 
Now we shall estimate the number of uplets {V , k) given the level \ < p < m. Since the weight of 
the path V is equal to the one of the corresponding path P', we only need to count the number of 
the possible underlying trajectories x' of V' . It is not straightforward to make such a numbering 
and we shall build a new transformation on the trajectory x' . To do this, we observe that in V' , 
the origin Iq of 7^ occurs dX th.6 instcint T : — 2s — 2/t — 1. Then after time T ^ one closes exactly 
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p edges opened before T and the last edge is an up step. Thus after time T where io is at a level 
I -\- p — 1, the trajectory of the path V' remains above the level / — 1 until time 2s — 1 and makes 
a final up step to reach the level I. Let us call x'^ be the subtrajectory of V' of length 2/c + 1 in 
between the instants [T, 2s]. We then define x'^ to be the trajectory x'^ read in the reverse direction. 
Then x'^ starts from 0, makes a first down step and reaches level p — 1 remaining above the level 
— 1. Finally, define x'^ to be x'^ where the first step is replaced with an up step. Thus x" is a path 
of which does not go below the level 1 after the first step. 

Define now the trajectory x" as follows: from time to time T, x" coincides with x' and then 
one reads the subtrajectory x'^. Then the following holds. 

• x" is a path of %n-.p,i+2p- 

• T + 1 is the first time where x" reaches the level I + p without going below afterwards i.e. 

r + 1 = mi{t,x"it) = l+p,x"{t') > x"{t)yt' > t}. 

Thus, by the above procedure, we have, given the level p, built a bijection between the uplets {x' , k) 
and the trajectories x" of %n-p,i+2p- 





Figure 2. Left: A path V of V4fi, with unmarked origin 0, Afi = {3,5,6}, 7V2 = {2,4}, 
A/3 = {!}. The second edge (12) is the first odd edge, v = 1 and w — 2. Right: This path 
T" e 7^4,6 is in correspondence with V: io = 2,p= 1, Afi = {0, 1, 3, 5, 6}, 7V2 = {4, 2}. 



2""^ step: Contribution of paths with origin unmarked. As a path V and its corresponding path 



V' have the same weight, we deduce (using computations as in Subsection 4.1 with Mi = ^ 



fe>ii 



and M2 = ^k=2 ^k) that the contribution of paths with unmarked origin is at most 

2sjv 



E E 

m=l l<p<m 
2sjv 



' m—p,l+2p 



E 



Nl 



(/ + m)! 



No,Ni,...Ni+^ 



NolNi\...Ni^ 



^ ^ ^ Tm-p,l+2pti'cr 

m=l Mi,M2 l<p<m 



2m 



1 



Csfj 



Mo! V N 



A/2 



Ml! 



2CiV'2/9 



Ml 



(31) 



So, reasoning as in the proof of Theorem l4.6l (and using formula (jSH)), it is not hard to see that, as 
sn = o{^/N), the paths V which correspond to paths V' for which there exists at least a vertex of 
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self intersection give a negligible contribution to the expectation of the trace. Note that, in general, 
we are not able to say something on the type of V with respect to that of V. Nevertheless, in 
the scale = o{y/N), it will appear that paths V having at least two self-intersections or at least 
one self intersection of type larger than 2 are negligible. Indeed, the following step shows that our 
correspondence establishes a bijection between the set of paths V with an unmarked origin and a 
sole simple self-intersection and the set of simple paths V with last step up. 

3'"'^ step: Contribution of paths with unmarked origin and a single simple self-intersection. 
Here, we show that our previous correspondence is such that paths with an unmarked origin and 
a single simple self-intersection are in bijection with some paths with a marked origin and without 
self-intersection. Then, using the fact that these later paths are readily to count, we will deduce 
that their contribution to the expectation is the rhs of (|28|) . 

Let = { io,ii, - ■ ■ , i2s~i,io} in 'Pm,l having an unmarked origin with a sole self-intersection v. The 
typical geometry of such a path can be precisely described. There exist six distinguished instants 
< to < ti < t[ < t2 < t'2 <t3 <2s defined as follows: 

• to = max{t > 0, x{t) = 0} and is = inf{t > 0,x{t) = I and x{t') > IMt' > t}. On [0,to] (resp. 
[^3, 2s]), the path V describes a simple sub-Dyck path Vq (resp. V^) with origin Zq. 

• ti is the first marked occurence of v. Call Vi the part of the path V in between [to, ti]: all its 
edges are even and there is p > 1 edges {ej, I < j < p} opened before ti and closed after ti. 

• t2 is the second marked occurence of v. The instant t'^ and t'2 are given by 
t[=mi{t>ti, x{t[) = x{ti) and x{t') > x{t[), W > t[} 

t'2 = inf{t > t2, xlt'2) = x{t2) and x{t') < xlt'^), Vt's < t' < ts} 

and such that on [tj,t'j] (j = 1,2), the path V describes a sub-simple Dyck path with 
origin v. Note that it may happen that t'^ = ti (and thus is empty) or t'2 = t2- 

• Let us denote by w the vertex occuring at the instant t'^ + 1: {vw) is the first odd (simple) 
edge of V. On [t'^ + l,t2], the subpath Vi begins in w, ends at v both by an up step and 
remains above the level x{t'^ + 1). 

• Consider now the rest of the path. Just before t'2, one closes the edge Cp in the reverse 
sense. Next we successively return in the rev6rsG direction the other edges Cp_i, • • • , and 
thus reach io closing ei at time t^ {t'2 < t^ < 2s). These returns can be interspersed with 
sub-simple Dyck paths. 

The edge (vw) is the first odd (simple) edge of V: this is the distinguished unreturned edge 
defining the origin w of the new path V' obtained from our correspondence. It is easy to see that 
V' is simple with a marked origin w well determined since the last step is up, the vertex io is also 
marked and well defined. Moreover, the vertex v is now of type 1 in V': its marked occurence 
at time t2 in V is its sole marked occurence in V' whereas its marked occurence at time ti in V 
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is changed by an unmarked occurence in V' . Thus, according to the l*"** step of this proof, the 
numbering of such simple paths V is of 

m 
p=l 

Then, one easily finds the r.h.s. of H28|). This finishes the proof of Theorem 14.91 □ 

Let us now illustrate our correspondence on a path whose origin is unmarked and which has 
only one simple self-intersection. 




Figure 3. Left: V is in 7^11,3. Its sole self-intersection is the vertex 4 which is simple. 
V = A and w — 9. Right: This is the simple path V corresponding to V. It belongs 
to 7^11,3 and p — I. 



We now complete the proof of Theorem 14.61 (and Theorem 14. 1|) . We shall then consider non- 
simple paths with marked origin and a last step down. To this aim, it is enough to notice that our 
correspondence still works for any path with marked origin and ending with a down step. The sole 
difference from the case where the origin is unmarked is that the level p (introduced in the 1^* step 
of the previous proof) of the first odd edge can now be equal to 0. In this way, one can note that a 
path V which is not simple is associated to a non simple path V' . It is then easy to see (referring 
to the previous 2""^ step) that the non-simple paths with last step down and marked origin give a 
negligible contribution to the expectation. We do not explain more. 

5 Computations of E[TrM^'^^+^^] for sn = 0{VN) if 9 > a 

Here, we shall prove that, in the scale sn = 0{^/N) and as ^ 00, the behavior of the expectation 
of the Trace is the same for any Deformed Wigner Ensemble of type (i) — (iv) (resp. (i') — {iv')). 
We use as before M§ to denote the corresponding Deformed GUE (resp. GOE) model. 
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Theorem 5.1. Let {Lj\f) be a sequence such that 3c > 0, lim7v-»oo = c. Let Mj\f be a Deformed 
Wigner matrix of type (i)— (iv) (resp. {i' 



E 



TrM 



N 



and E 



{iv')). Then 3C' > such that, for N large enough, 



TrM 



N 



E 



Tr (M^) 



[l + oil]). 



TrM^"" 



exp{^ 



2N 



^ P0 ■ 



To be more precise, in the complex setting, one has E 
This can trivially be deduced from the result of Theorem 11.11 combined with some considerations 
of Section 2. Note that similar exact estimates, with ag replaced by V^gq, can be expected for the 
real model (see Coniecture ll.2|) . 

We only consider even powers Lat = 2s n since the proof is similar for odd powers. The main part 
of this section is dedicated to paths with a last step up. We show that the typical paths with a last 
step up have at most simple self intersections, no loops and edges passed at most twice. The last 
fact ensures in particular that the expectation of the Trace is the same for any Deformed Wigner 
Ensemble. In Subsection 15.21 thanks to the fundamental correspondence built in Subsection 4.2, 
we translate this analysis to paths with a last step down and show that universality holds too. 



5.1 Paths with last step up 

Throughout this section, we only consider paths with a last step up. Their contribution is at least of 
the order of Pg**^ since it can easily be seen from the preceding section that the contribution of such 

simple paths is of the order of E/>2 ^m,i-i^'f^^™e^"^^^^ > (1 - (f )^)e^"^V0''^(l/3 + o(l)). 
The following Proposition shows that there are at most simple self intersections in the typical paths, 
i.e. those contributing to the Trace in a non negligible way. 

Proposition 5.2. Typical paths with last step up have no self intersection of multiplicity k > 3. 



Proof of Proposition 15.21 : Let Zo{m) denote the contribution of paths of Vrn,i of type 

{No, Ni, . . . , Ni^rn) such that Ylk>3^k > 1- For such paths, set Mi = ^j^yioNk and = 

El%Nk. Then, from one has that 

1 f{C"{m + l)f^M!,{CN~Y'" 



Zo{m) < 



E 



J. nl2m 1 C{l + m) 



Ar2 



Ml! 



The summation of (|33() over all the Mi , N2 , M2 such that M2 > is not greater than 



N 



^'^2"^ X 0(- 



Ar2 



(33) 



(34) 



with 0( ^^"^^ ) = 0(1) as sn = 0(\/ N). Similarly, the summation over all the Mi, Mg such that 
Ml > is at most of the order Tm,i-i 9^ a^"^ x 0{N-^). Thus Zo := Em=V ^o{m) = 0{pf''^), 
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which is neghgible w.r.t. the contribution of simple paths. □ 

Given a path V of Vm,i (with I + 2m = 2sm) with last step up and of type {No-, Ni, - ■ ■ , Ni+m), 
we define M := 'Y^2^^{k — l)Nk to be the number of its self-intersections. This quantity will be 
important in the following and is the object of the next proposition. 

Proposition 5.3. The number of self intersections of typical paths satisfies M < s^, for any 
< e < 1. 

Proof of Proposition 15.^ By Proposition 15.21 and (|3cij) . it is clear that adding the contribution 
of paths where Ylk>2 ^ s% (for any e > 0) gives a final contribution which is o{f)^^^). □ 

In the following, we investigate in details paths with a last step up and that have only simple 
self intersections. Note that for such paths, each edge is passed at most four times. We first discuss 
on those having edges read at most twice. Then, we show that those admitting at least one edge 
passed three or four times and those with at least one loop can be neglected. 

5.1.1 Paths with only simple self-intersections, edges read at most twice and last step 
up 

Our goal is here to prove that for a path with only simple self intersections, there exists different 
ways of closing the path given the vertices at marked instant. In the denomination of [T^, this 
means that there are "non closed vertices" in typical paths. The definition will be recalled later. 
This explains that the expectation of the Trace differs in the real and the complex setting (see the 
comments just before Definition 15.51 below) . 

Define Zi{M,m) to be the contribution of paths of type (A'^o, A'^i, M, 0, . . . ,0) with a marked 
origin, last step up and edges passed at most twice. Denote also by Zi{m) = ^jyjZi(M, m) the 
total contribution of such paths. We want to establish that there exists a constant D independent 
of N such that, for N large enough, 

Zi:= ^ e^p{D'^}pf-. (35) 

m<S]v — 1 

Consider a path V contributing to Zi{M,m). By Propositions 15.21 and 15.31 one can assume that 
M = N2 < s\j for some arbitrary < e < 1. Let then tj^ < tj^ < ■ ■ ■ < tjj^j be the instants of 
self-intersection of V. We now choose the vertices occuring at the marked instants, and thus fix 

the origin of the path. First, there are 11^=10 ~^^^^(-^ ~ i) ~ ^{-^ jjv' i different ways to 

choose the distinct vertices occuring in the path in the order of their appearance. If a vertex of 
self intersection occurs at some instant tj^ , there are ji — i possible choices for such a vertex. It is 
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indeed chosen amongst the marked vertices, which have already occured in the path but have not 
yet been repeated. Note that if io is a vertex of self intersection, then Jm = I + m, tj^^j = I + 2m 
and there are at most I + m — M choices for the vertex ig. 

Remark 5.4. If there is no choice for closing edges at unmarked instants, then the number of such 
paths is at most N^^"^ since 

E E n (A'-j)nfe-'-)=iv'*"^|-<'-""'^"'E]i^(^^]^) 

A/>0 ji<l+m j=0 k=l M>0 ^ ^ 

Here the o is uniform due to the fact that M < s^q for some < e < 1/32. In the general case, 
there are many choices for closing edges from a vertex of self intersection and the number of paths 
of type (iVo, A^i, iV2, 0, . . . , 0) can then be of the order ]SS^+ra^Cs\IN _ 

We now count the number of ways to close the path at unmarked instants. One can close an 
edge starting from a vertex belonging to M\. In this case there is no choice for closing it. We can 
also close an edge starting from a vertex in Then, we can close it in at most 3 ways: along the 
edge used to arrive at this vertex for the first or second time, or along the edge used to leave it for 
the first time. Such consideration leads to the notion of non-closed vertex. 

Definition 5.5. A vertex of self-intersection is said to be non closed if there are several possibilities 
of return from this vertex at an unmarked instant. 

For example, in the left path of Figure 1, the vertex 3 is closed whereas 4 and 6 are non closed. 

Here we show that paths of type {No, Ni, • • • , Ni^^) with non-closed vertices contribute in a 
non negligible way to the expectation of the Trace, if / > 0. The fact that typical paths admit 
non closed vertices explains that the expectation of the Trace (and thus the limiting distribution 
of Ai) differs between the real and complex case. Indeed, assuming edges appear at most twice, 
an oriented edge repeated with the same orientation has the weight << in the complex case 

2 

instead of ^ in the real case. 

Assume first that io is of type one, so that the vertex at the origin is defined by the gift of the 
distinct vertices occuring in the path. Then, by the definition of the associated trajectory x £ %n,h 
there are at most x{t) ways of choosing a non-closed vertex of self-intersection appearing at some 
instant t. Then the number of ways to choose the vertices occuring at remaining marked instants, 
once the distinct vertices occuring in the path have been chosen, is bounded from above by 

M r 

EE E (ji - Wh -h)--- Ui. -ir)--- {hi - M) n^(i,g- (36) 

r=0 l<ji< — <jM<l+m l<h< — <lr<M i=l 

Here the overlining means that the term does not appear in the expression. One then has that 



M / l+m, 

rasEif Eo-i) 

r=0 ■ \j=l 
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Then, paths where io is of type 2 are negUgible. Indeed, once the distinct vertices occuring in the 
path have been chosen, one first chooses the vertex io occuring at the marked instant tjj^^ = I + 2m 
and thus the origin of the path. Then one chooses the vertices occuring at the remaining marked 
instants. The total number of ways to do so is at most 



M M-l 



EE E no.-)n^('+»-«) 



r=0 l<ji<---<---<jM-i<iAf=('+m) l<h<-<lr<M i=l 
< 



? TTji- — ^il max x{t)] =(ESJxo . 37 

^^ + mM!V 2 J rl \l + m 0<t<2sN J V(^ + H / 

We now obtain an upper bound for Zi. One has, in the general case, that maxo<t<2siv x{t) < 
l + m. This estimate implies that one can not neglect in (|36() the different ways of closing the edges. 
Moreover, the contribution of a path with vertices of type at most two, r non-closed vertices and 
edges passed at most twice is bounded above by ^i\„^ cr^"^ 6^ x 3''. Thus, using summation, 

Zi < } Tmi-ie^a^"" > > — — 777^- — r^ l + o ?^ 

2SJV-1 „„„ I^^N 



<epr-'exp[^). (38) 

This proves that paths with edges passed at most twice and having possibly non-closed vertices 
give a non-negligible but uniformly bounded contribution to the expectation ETr ( ) • And 
io is of type one in typical paths. □ 

Remark 5.6. The fact that there are non closed vertices in typical paths is a main difference from 
the case where I = (see d]). Indeed, in that case and loosely speaking, "maxtx(t) = 0{^/sJ^)" 
implying that typical paths of length of order \/^ do not have any non-closed vertices (see Section 
7 for some comments about this maximum). 



5.1.2 Paths with edges passed four or three times and last step up 

Call Z2{M,m) the contribution of such paths V of Vm,i having only simple self intersections 
and exactly M self-intersections and where at least one edge is passed three or four times. Let 
Z2 = Y2m<sIj X]m<sjv-i Z2iM,m). We shall now prove that Z2 = o{Zi). The considerations here 
are very close to those of the appendix of [T^. Nevertheless, in order to have a paper self-contained, 
we give the main steps of the demonstration. 

Assume that the distinct vertices occuring in V are known and that the origin of the path is chosen 
(if io is of type 2). Consider an unoriented edge e = (vw) which is read (at least) three times in the 
path. Two situations must be examined according to the directions of the two up occurences of e. 
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The first one is when one reads two up oriented edges (vw) (for instance) that is twice in the same 
direction. In this case, w is a vertex of self intersection and is the rightendpoint of two edges started 
at V. Assume first that w ^ io- We then need to introduce another characteristic of the path V, 
ui^{P), which is the maximum number of vertices that can be visited at marked instants from a 
given vertex. If we denote by t the (marked) instant of the second up occurence of the edge e, then 
there are at most i^Ar('P) choices for the vertex w (since we shall look amongst the vertices already 
occured in the path and being in an up edge with left endpoint v). li w = io, then t = I + 2m and 
the vertex io is then of type 2 and occurs in an edge passed more than twice. 
We now analyze the case where one first reads the up oriented edge (vw) and then the second up 
occurence of the edge e in the reverse direction (wv) (at the instant t). Then either f is a vertex 
of self intersection oi v = io is of type one and t = I + 2m. In the case where is a vertex of self 
intersection and v ^ io, the number of possible choices for the vertex of self intersection at the 
marked instant t (that is v) is at most the type of w, which is smaller than 2 here. liv = io, then io 
is of type 2 and t = 1 + 2m. There remains to investigate the case where v = io but io is of type one. 
Then the edge wio is opened for the second time at t = 2sAr. In this case, the edge is read three 
times. Note that this can happen only once and one can check that E{Mijf (or E {\Mij\^ Mij)) 
depends only on 6 and for any Deformed Wigner Ensemble. This possible event will thus not 
affect universality of the expectation and we will not consider it any more. 

As before, paths where io is of type 2 can be shown to be negligible with respect to those where io 
is of type one as before. Thus it is now enough to obtain a bound for i>]\f{V). 

It was shown in that, for even path V of length 2sn, v^iV) grows not faster than sj^, 
whatever < 7 < 1 is (at least for the corresponding typical paths). The arguments of (also 
used in ^2j) can readily be extended to our setting as explained in E,emark l5.7l below. Thus, for the 
rest of this section, it is enough to consider paths with only simple self intersections and such that 
^n{T^) < {I + m)^^'^^'^'^, for any value of m and where e < 1/32. Let as above tj-^ < tj^ < ■ ■ ■ < tj^^^ 
be the instants of self intersection. Amongst these instants, let < < ■ ■ ■ < tu,. < I + 2m 
and < < • • • < tvq < I + 2m be the instants respectively of nonclosed vertices and vertices 
belonging to edges passed three or four times. Then, the contribution Z2{M,m) of such paths 
is at most (overlining the terms that do not appear in the product) 



SJV- 



-1 M M 



r?i=0 r=0 q=l l<ii<i2<---<iM <'+™ ui<U2<---<Ur vi<V2<---<Vq 

l+m-M-l r q 

X n - y) (oi - 1) • • • n (-^"^ - ^'^) n - • • • (^^^ - ^) 

y=0 d=l i=l 
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1 

/ (]-\- \2\ M 

m=0 r<M 

The term (l + 0({l + m)'^^^)) comes from the fact that the origin ig can be of type 2, which gives 
a neghgible contribution to the expectation as in 1)3 7|) . Now, by summing over all M, we get (it is 
exactly as for the term Zi) Z2 = o{Z\). 

Remark 5.7. We quickly explain why one can assume i^nCP) ^ s]^^ Consider a vertex i which 
is the starting point of I'Ni'P) up edges. Define K = r + ^k>3^^k + 1- One can then split 
the interval [0, 2sAr] into K subintervals such that, inside such subintervals, edges can only be 
closed in the reverse direction that the one used to open the edge. Furthermore, there exists such 
a subinterval in which i is the starting point of i']\[{V)/K edges. In this interval, there are no 
choices for closing the edges. Thus the trajectory falls i'n{V)/K times at the same level (that 
of the first occurence, marked or not, of i in this interval) without going below. It can then be 
shown (see jl2| for more details, p. 41) that the number of such trajectories is not greater than 
exp {—CiVN{V)/K}Tm,i-i, for some constant Ci independent of N, m and sn- By Proposition 

ESI 

we can assume that K < s^y << sj^ . The contribution of paths with i'j\f(T') > Sj^ , 
with e < 1/32, is then of the order 

Siv-l ^2 
8 ^ r„,i_ieV"^4exp{^ + C7s^} Yl exp{-Cii/ivs^^} = o(l)Zi. 

5.1.3 Paths with loops and last step up 

At this stage, we know that in the scale sn = 0{\fN), typical paths with last step up are of type 
{No, Ni, M,0, ■■■ ,0) with M = N2 < s\j (with < e < 1) and have edges passed at most twice. 
To conclude to universality, we shall state that those having at least one loop are negligible. 
For this, given a path V = {io, • • • , ^2sjv-i' ^0} of Vm^i with ig marked and at most self-intersections 
of type 2, we define d to be the number of its loops. We also introduce ui < • • • < the instants 
of self-intersection which lead to a loop. That means that at the instant Uj, one opens a loop 
and iu -i = iu - So, there is no choice for the vertices occuring at the d instants uj. The total 
contribution Z[ of such paths is at most (it is similar to the approach leading to (jHHl)) 

S]V-1 M M 

z[ < E EE E E E 

■m=0 M<slf d=l r=0 l<ji<---<jM<l+m l<h<---<lr<M l<ui<---<Ud<M 
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Therefore, as M = O(^), we obtain that < Zi x ( exp{^} - 1 ) = o(Zi). 

V SAT / 

Remark 5.8. In the whole generahty, given a type of paths and assuming the origin is marked (or 
unmarked), paths with loops have a negligible contribution with respect to those without loop. 



5.2 Paths with a last step down 

We now justify that universality still holds for paths with a last step down. This follows from the 
correspondence established in Subsection 14.21 We will not be able to characterize the type of the 
typical paths. Nevertheless, by the correspondence, we only have to consider the paths V G 'Pm,i 
(l > 0) with last step down for which the associated path V' are typical. 

By Subsection 4.2, to any path V £ Vm,i with a last step down and a marked (resp. unmarked) 
origin, we can associate a path V' G Vm,i with the same weight. In each case, the number of 
trajectories and preimages of paths V is at most '^m=o 'l2^=o'^rn-p,i+2p = 'l2m=o ^2sn' 
contribution of such paths, which we note Z4, is then (with computations as in the last subsection) 
at most 

^ 1 f {l + mf Y^ ^ {QMY ^ 1 -l/2+e\<?^ 1 (r<,-l+e^d 

M<sIj ^ ^ r<M q>0 ^ d>0 

< 2,-- exp {e^s%/N} i (c.^^/^^^j" 1 (C.^+O' • (39) 

ij>0 ^' d>0 

We then readily see that we can neglect paths V with edges passed at least three times ((?>!) 
or /and loops {d > 1) and that Z4 is of the order of Zi. This is sufficient to conclude to the 
announced universal behavior. 



6 Higher moments of TrM^^""^^^' for sn = O(v^), e> a 

In this section, we show that, for sn = 0{^fN) and in the large limit N , universality still holds for 
any moment of the traces TrM'^'^^~^^\ As yet mentioned in Section 2, such a result is not required 
for the proof of Theorem II. 31 in the case where 9 > a. Yet it will be needed in the case where 6 < a 
and the analysis is similar in both cases. We have the following result. 

Let be of the deformed GUE (resp. GOE) of parameter 9 > a and A > 0, e > be fixed. 
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Proposition 6.1. Let Mj\f be a Deformed Wigner matrix of type of type {i) — {iv) (resp. {i') — [iv')) 
and of parameter 9 > a. For any k > 1 and for any e < Ci < A,i = 1, . . . ,k, there exists a constant 
C'{A, €,k) > such that, for N large enough, 

eTT rrr(^)[^»^ll < C\A,e,k) and eIT \Tr{^)^'-^^^] =£17 \Tr{^)^'^^^] (l + o(l)). 
I Po J I p0 i ■'-■^ I Off J 



i=l i=l i=l 



P9 



(40) 

In the complex setting, universality of the variance (combining Theorem 1 1 . 1 1 and some consid- 
erations of Section 2) leads to E WrM^^^^ = pf""^^ exp {2(f^)2}(l + o(l)) for any c> 0. 



For the proof of Proposition 16.11 we first focus on the variance of TrM^^, in the case where 
Ln/^/N c > 0. Then, we indicate the modifications needed to consider higher moments. We 
use a method once more inspired by jlUj (and also used in and jl2jl. It calls on a natural 
extension of the construction procedure introduced in Section 3 of jlUj . 

6.1 The variance. 

The variance of TrM^, for arbitrary L > 1, can be written, noting = M for short, 

E E ( n n I ( n ) ( n 

Vl={io,...,iL-l,io}'P2={i'o,-A-l^''o} \i = l J' = l / \J = 1 / \i' = l 

(41) 

Now, by the independence assumptions on the entries of Mtv, the only non zero terms in the above 
sum correspond to the pairs of paths Vi and V2 having a common edge. 

Definition 6.2. We call correlated any pair of paths with a common edge. It is simply correlated 
if each edge appears at most twice in the union of the two paths. 

Assume given two correlated paths Vi of T'mi,ii and V2 of T'm2,i2 (with 2mj + /i = L for i = 1, 2) 
such that the first common edge they share is {vw). We then glue these two paths, erasing the 
edge (vw), by the so-called construction procedure as follows. We first read Vi until meeting the 
left endpoint v then jump to 1^2 and follow V2 (in the reverse orientation of V2 if the edge has the 
same orientation in the two paths). Then, when meeting w after L — 1 steps, we jump back to Vi. 
In this way, we obtain a path V denoted by = "Pi V'P2 with 2L — 2 steps and a certain amount 
of up steps. 

We now explain how to invert the procedure. Assume that V belongs Vm,! where I + 2m = 2L — 2. 
We shall describe the structure of preimages of V, in order to obtain a bound for their number. 
Call X its underlying trajectory. Let r be the instant of the left endpoint of first common edge 
shared by the paths glued. Then either x{t) = or x(r) > 0. In the latter case, by the definition of 



28 



r , there exists an interval of time I containing at least [r, r + L — 1] such that x{t) > x{T),\/t £ I. 
This trivially holds if x{t) = 0. Then, once the instant r is chosen, the "end" of V2 occurs L — 1 
steps after the instant r. Now there remains to fix its origin and orientation: there are at most 
2L ways of doing so. From this we deduce that the number of preimages of a path V of length Lq 
(here Lq = 2L — 2) is at most 

2LKn{x), where Kn{x) = ^ JJ la:(s)>a;(r)- 

T<Lo-L+l se[r,T+L-l] 

It is enough for our purpose to show, if E^,; denotes the uniform distribution on the set T^^i, that 

Em,iiKNix)) < C'l + Cy/To, (42) 

for some constants C,C' . If I = 0, such a result has been established in JHl- To prove (|42|) in the 
general case, and loosely speaking, we show that Kj^{x) does not grow faster than Kj\[{y) + IC, 
for some Dyck path y, introduced in the following. 

To this aim, given / and m, we associate bijectively to any trajectory x of a sequence of 
p' + 1 sub-Dyck paths as follows. Let tj be the last instant where x{t) = 0. In between [0, ti], the x 
trajectory defines a sub Dyck path called yo of length 2mQ. Let then li be defined by 
h = min{x(t) : x{t) - x{t - 1) = -1 and t > U} or h = I if {t > U, x{t) - x{t - 1) = -1} = 0. 
In other words, li is the maximum level under which the path never falls after reaching it. Let t\, 
t1 be the instants t\ = min{t > ti,x{t) = li} and tf = max{t > ti,x{t) = li}. Then, in between t\ 
and tf, x(t) — li defines a Dyck path yi of length 2mi = t1 — t\. li after no down step occurs, 
we set I2 = I — h- Otherwise we then define I2 = min{a;(t) : x{t) — x{t — 1) = —1 and t > t^} and 
the associated times t2 and in the same way as before. Then the path V makes li up steps, then 
follows the Dyck path yi of length 2mi. Afterwards it makes I2 up steps and follows the second 
Dyck path y2 and so on. Thus, we obtain a sequence k > 1, i = 1, . . . ,p' , such that Ylf=i — ^• 
Now it is easy to see that each path x of Tm^i can be uniquely defined by a number 1 < p' < I, 
a sequence of p' positive integers li,i = 1, . . . ,p' such that Yli=i — ^ ^ sequence of p' + 1 
sub-Dyck paths yi, < i < p' of positive length 2mi,i = 0, . . . ,p' (except mo,mp' > 0) satisfy- 
ing Yl^=o = 2m. We then say that the trajectory x is of type {p' , /i, . . . , Zp', 2mo, . . . , 2mpi). 
We denote y the Dyck-path of length 2m made of the succession of the p' + 1 trajectories yo, . . . ,yp'. 

The proof of H42|) is now based on the following Lemma. In the sequel, given I < Lq, T^^ is the 
set of paths with Lq steps and ending at level /. And we let T\^^ be its cardinal. Given a trajectory 
2; in r| , we denote by yo, - ■ ■ ,yp',p' < ^ its sub Dyck paths and by iy{yi),i < p', the number of 
returns to of the Dyck path yi. Let then ko be a given integer. 
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Lemma 6.3. Assume that Lq < ko{L — 1) and let x G T£^. Then, 

P' P' 

(i) Kn{x) = ^ Y[ ^xis)>x{T) <l + ^'^m,>LKN{yi) +^J^{yi), (43) 

T<Lo~L+l s(^[t,t+L-1] i=0 1=0 

(ii) for any k, there exists a polynomial G ]R(X, Y) of total degree k such that 

W.^^i{KN{x)f <Qk{^,l). (44) 

Proof of Lemma 16.31 : Point (i) follows from the fact that either r is chosen amongst the "rises 
< /," or r G Uyj. Assume in the latter case that t £ yi and yiir) > 0. Necessarily t + L — 1 £ yi. 
Thus T can be chosen amongst vertices of sub Dyck paths of length greater than L — 1. The last 
case is when r is chosen amongst the returns to of the sub Dyck paths. This yields (j43|) . 
For (m), it can easily be inferred from pjOj that there exists C > such that for any integer /c, 
¥.mi,o{KN{yi))^ < (CVL)'', for any nii € {L - l,...,ko{L - 1)}. Similarly there exist C" > 
independent of I, Lo,p' ,mi such that for any A; > 1, Em,;,o('^(yj))^ ^ C'^. The above estimates then 
give (|44j) since p' < I and #{i < p' : rrii > L} < ko- □ 

We now examine in more details the contribution of correlated paths Vi and V2 to the variance 
of the Trace in case 9 > a and L = Ln with Ln = o{-\fN). Following Section 4, one knows that the 
corresponding path Vi V V2 has a non-null contribution if it is without self-intersection as soon as 
its origin is marked and has a unique self-intersection otherwise. Assume, for ease, that the path 
V G Vm,i (such that 2m -|- / = 2(L7v — 1)) obtained by the gluing has no self intersection and last 
step up. This implies that all the edges are passed at most twice except the common edge. So, 
this common edge may appear three or four times at most. But, the probability of such an event 
vanishes as A'^ ^ 00. This is based on the following argument already given in [TO^: it can be easily 
shown that the ratio of the number of simple paths of length 2(Ljv — 1) that have an edge {vw) to 
the whole number of simple paths of length 2(Ljv — 1) tends to zero when N ^ 00. As a result, one 
can assume in the limit that the common edge appears exactly one time in each of the subpaths Vi 
and V2 which give a weig ht of at most O^a^'^j^. Thus, using H42|) , the contribution of all the paths 

3/2 

gluing to the path V is at most C^^^^^ O^a^'^a^ = o(l)6'V2m^2 ^ o(^/iV)). Finally, in 

the case where V has a last step down, it is easy to check, using our fundamental correspondence of 
Subsection 14.21 that Kn{x') < K]y{x"). This is enough to ensure that the above analysis extends 
readily to paths with last step down. We do not explain more. Consequently, in the limit, the 
variance var{TrM^'^) is universal and var{TrM^'^) = o{f?Q^^). 

In the scale L^v = 0(\/iV), the approach is similar and relies on results of Section 5. In particular, 
paths V with simple self-intersections (including the case where the glued edge is a multiple edge) 
have to be taken into account. The details of the proof that the variance only depends, at the 
leading order, on the two first moments of the entries Mjj- are easy and left. This finishes the proof 
of Proposition 16.11 for the variance. 
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6.2 Higher moments. 

To investigate higher moments, we refer the reader to ^Uj for the extension of the construction 
procedure to glue more than two paths. We here indicate the main changes to be done to adapt 
the construction procedure to our case. For ease of explanatory (minor modifications should be 
done to consider expectations as in (jlOI)), we consider expectations of the type 

E {TrM^ - W.{TrMj^)f' , k' > 2. (45) 

It is clear that, due to the independence assumptions on the entries of Mn, the expectation 
(|45l) splits into a product of expectations over different clusters defined as follows. 

Definition 6.4. A set of paths Vi,i = 1,. . . ,j of length L is called a cluster if 

• for any pair 1 < i < i' < j one can find a chain of paths from Vi to Vi' such that any two neighbor 
paths in the chain share a common edge. 

• the subset {Vi,i = 1, . . . ,j} can not be enlarged with the preservation of the preceding condition. 

It is now enough to consider the contribution of a cluster of correlated paths to the expectation 
(jJSJ. Let then C = {Vi,i = 1, . . . , k}, k < k' he a given cluster of correlated paths. We define the 
so-called modified construction procedure as follows. 

We find the first edge along Vi shared with some other path of C and call this edge {vw). Among the 
paths of C sharing the edge {vw), denote by Vr^2 the path in which (vw) has the largest multiplicity. 
If there are choices amongst such paths we choose the one having the smallest number of edges 
common with Vi (and of lower index). We then form Vi V Pi?,2- 

Regular step : If "Pi V Vr^2 and the k — 2 remaining paths still form a cluster, replace Vi with 
'Pi V Vr^2 and go on the procedure with the remaining paths to be glued. This is as in [IDj . 
Modified step : If Pi V Vr^2 is disconnected of the other paths, we denote by ni the number 
of paths of C containing (vw) and the corresponding paths by VijVsi, ■ ■ ■ ,^5^1-1- Then {vw) is a 
simple edge of these ni paths. If ui is even, we glue these ui paths as in ^O]- We read Vi until 
meeting v, then switch to Vr,2 and make L — 1 steps until meeting w, then read successively the 
ni — 2 others paths and finally read the end of Vi- We denote by Vi V Vs^ V ... V Vs„_^_-^ the path 
obtained. This is called the standard modified step. We then replace Vi with Vi V Vs^ ... V Vs„^_-^ 
and go on the procedure. The last case, which is not covered in [12], is when ni is odd as the 
edge (vuj) appears only once in each of the ni paths. As Vi V Vr^2 is disconnected of the rest of 
the cluster, Vr^2 has no other edge than (vw) in common with any of the other paths of C \ {Vi}. 
And Vr^2 has no other edge than (vw) in common with Vi, otherwise Vi (and thus Vi V Vr^2 
) shares also an edge distinct of (vw) with some path of C \ {T'i,T'r,2}- Then, we take off Vr^2 
of the cluster. We then perform the standard modified step (or the regular step if ni = 3) with 
{'Pii'Psi, ■ ■ ■ jPSni-i} \ {'Pr,2} ■ We then define the set of "erased paths" as £1 = {Pr^2}- We then 
go on the procedure with Vi replaced by Vi V 'Ps-^\/Vr^2 • • • V "P^^^.j, and the remaining paths of 
C\£i to be glued. This is the non standard Modified Step. 
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The above modified construction procedure ends with a set of erased paths = {Ve,i,i = 1, • • • , n-o} 
for some < Hq < k — 1 and a path V' of length (k — no)L — q, {k — Uq) < Q < 2{k — rio), which 
has been obtained from C := C \ £no by the construction procedure described above. The erased 
paths Ve,i,i < no, are disconnected of T" and pairwise disconnected. Each erased path shares at 
least one " distinguished" simple common edge with the set of erased edges (the one leading to the 
non standard modifed step). If a path Ve,i shares more than one edge with the set of erased edges, 
then the multiplicity of such an edge is at most 2k in Va ■ 

If rio > 1, we show that the contribution of the cluster C is at most of the order of the contribution 
of a set of "clusters" V = {C ,V'^^,i < Uo}, where the j,i < Uq, are paths of length L pairwise 
disconnected and disconnected from C . This follows from the fact that the edges common to 
'Pe,i,i < rt-o and C are only even erased edges of multiplicity at most 2k. The number of possible 
choices for Uo and the corresponding set of erased paths is a function of k only. Then, fixing the 
erased edges in C and the Uo "distinguished" edges determines the corresponding paths Pe,j- There 
are at most 6*2^/0! different ways to choose the even "distinguished" erased edges corresponding to 
the erased paths. The number of ways to affect some of the remaining q — Uq even erased edges to 
some paths Ve, (if any) is a function of k only. As E(M„^)*+-?' < CfcE(M^^)%(M^^)*, Vi, j < 2k, 
we deduce that C and D have weights of the same order. From this we deduce that it is enough to 
consider the case where Uo = only. 

To prove Proposition 16.11 it is now enough to estimate the number of preimages of a path obtained 
by the gluing of k paths of length L = = 0{^/N), using only regular and standard modified 
steps. Assume that we have fixed the order of the paths read, the moments of time we use a 
modified step and how many paths we combine at each modified steps. Note that the number of 
such choices is a function of k only. Denote by g (resp. g') the number of regular (resp. modified) 
steps. Denote by 2qi,i < g' the length of the cluster at each of the modified steps. Then the number 
of erased edges is g = ^ 2gj + 2g. Let then V he a path of length kL — q ending at level I. Then 
it can be shown (see jl2j . p 42) that the number of preimages V divided by A^'?/^ does not grow 
faster, for typical paths, than "-^fc^^-^) jyl^i^^^''"* ' — for some constant Ck depending on k only. This 
follows from the following fact. Given g,g' ,qi,i = 1, . . . ,g' , the number of preimages of the path 

is at most Cfc(2L)5+^i=i ^'?*~f'iCAr(3;)S'+s'/A^i=i Conversely each time a modified step with 
2qi paths is performed, the contribution of the path is decreased of a factor (s^v/A)^"?*"^ with that 
of a typical path of the same length. Indeed, the instant at which one starts the modified step 
determines 2(gj — 1) vertices of the path. Replacing these vertices with pairwise distinct vertices 
of Mo \ {io\ only decreases the weight of the path of at most O^s'^'' (without changing the 
constraint on the possible choices for Tj) since it can easily be shown that typical clusters are such 
that V' has no vertices of type greater than C^fJ^ for some constant C. Combining the whole, and 
using that sjsr = 0{N'^/^) in the whole paper, gives that the contribution of such paths is of the 
order of C^(2L3/2/iV)9Ar-E('?>-i)/3(XAr(rc)/\/L)3+5'. This is enough to ensure the above result. In 
this way, we also deduce that clusters for which g' >1 have a negligible contribution. Using 
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one can then deduce Proposition 16.11 mimicking the arguments of Subsection 16.11 □ 



7 The case where 6 = a 

As explained in Section 2, in both cases where 6 = a and 6 < a, the results of Theorems 11.31 HTH and 
11.51 follow from the universality of all the limiting moments of Traces of exponent of type o{N'^^^) 
and 0{N'^^'^). This section is devoted to the case where 9 = a and we discuss on the case where 
< 6 < a in the last Remark 17. 131 Here, we only establish the universality of limiting expectation 
of traces of M}^^ with Lj^ = 0{N^/^). It is then an easy task to translate the computations to 
higher moments (c.f. Section 6) as well as to the case = o{N'^^^) and to see that universality 
holds in this case also (the detail is left). Here is the main result of this section. 

Theorem 7.1. Let Mj\f be a Deformed Wigner matrix of type (i) — (iv) (resp. {i') — {iv')) and of 
parameter 6 = a. Let {Ln)n be a sequence such that 3c > 0,lim7v^oo — ^ = c. Then, there exists 
C" > such that, for N large enough. 



Mn. 



E(TrA/^^) < C'{2a)^^ and E Tr(^^)^^ =E Tr(^^)^^ (l + o(l)). 



2a 



2a 



Remark 7.2. Similar results to those of Theorem 3 in ^21 can be stated for joint moments. For 
instance E (TrM^^) = (1 + o{l))E {Tr{M^)^^ f < Ck{2af^^ eyi.^ {C kL% / N'^} , V/c > 1. 



As in the preceding sections, we only consider paths of even length Ljy = 2s]\f. As9 = a, po = 2a 
and even paths {I = 0) have to be taken account. More precisely, for / = and sn = 0{N'^^^), it is 
proved in Section 4 of ^2] that even typical paths have unmarked origin, self-intersections of type 3 
at most (with only a finite number of type 3) and edges passed only twice. Their total contribution 
is of the order of 

NT,,,oa^^^ ~ (46) 

To prove Theorem 17.11 we shall now examine paths such that / > 0. We first show that those 
with last step up are negligible. This is intuitively clear since the analysis is close to that of |12j . 
where typical paths have a non marked origin. Then, we call on our fundamental correspondence to 
investigate paths with a last step down. As in Section 5, we are not able to characterize the type of 
typical paths. Nevertheless, we show that, in the set {Vm,i, l + 2m = 2sn and I > 0}, typical paths 
with last step down have edges passed at most twice and are in correspondence with paths admit- 
ting self intersections of type 3 at most. Note that, as 6 = a, every typical path has the weight cj^^^. 

Before entering the details of the proof, we show some important technical results. 

Proposition 7.3. There exists Ccrit > independent of N such that the paths (with marked or 
unmarked origin) for which I > CcritVN give a negligible contribution w.r. t. {2af'^ (and U^). 
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This proposition is based on the following lemma. 
Lemma 7.4. There exists Co > 0, independent of I and N, such that T^ i < (/ + l)e ° ""N^Tsj^fi. 
Proof of Lemma 17. 4t Writing sn = m + q where q = sjsf — m = 1/2, we have that 

qI+tu m+q 2 

-^ = exp{- log(l + ^)}<exp{--log(l + — )}<exp{-C.— }. 

Thus = — — — — — ^ < Z + 1 exp{-Co— }.□ 

r,^,o l + m + 1 C^s^ SN 

Proof of Proposition 17.31 Here we do not assume that the origin is marked. The contribution 
of paths with Z > is then at most, from Remark 14.81 and mimicking 1)221) to ()25() . 

ImM^ (J expl2^ I 2^ Mi'VA^2/9] 

< NT^^i a^'^ exp {Ci^} < NTm,i a^^^ exp {Ca^V^/^^}, (47) 

for some constant Ci,C2 > independent of A^. Here an extra has been added to include the 
case where the last step is down. By Lemma 17.41 it is easy to see that there exists a constant 
Ccrit > such that, in the large limit, the subsum in ()47)) over I > CcritV^ gives a contribution 
which is negligible with respect to (i.e. to that of even paths). □ 

Remark 7.5. For sn = o(A^^/^), it is enough to consider the paths with / < Ccrits%'^ N^^/"^ = 
o{N^/^) for some constant Ccrit- 

The arguments used to prove Theorem 17 . 1 1 are quite similar to those yielding Lemmas 5,6 and 7 
(Section 4) in Q2i- In particular, we show that typical paths may contain some non-closed vertices. 
But, using Remark 15.41 we need to have some control on the number of possibilities of choosing a 
non-closed vertex. In Section [51 given a path V in some T'm,i (with / + 2m = 2sn) and denoting 
by x G Tm^i the associated trajectory, the number of possible choices was estimated from above by 
maxtx(t) < l + m. Here, in the scale 0(A^^/^), a better estimate is required. We now show that the 
number of choices of a non-closed vertex can be estimated through a quantity as m.axty{t), which 
involves the particular Dyck path y £ %nfl introduced in Subsection 16. 11 Let then z(t) denote the 
maximal number of ways to choose a non closed vertex at the instant t. We now prove that 

l+m p 

z{t) < \- m X max?/(t) + Im. (48) 

t=i 
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Recall that z{t) can be bounded from above by the number of marked vertices opened but not closed 
before t. If at the instant t, one crosses the subpath yj, then there are at most z{t) < ^j<j h + yi{t) 
such vertices. It may also happen that the instant t corresponds to, for example, the rise "^^ 
and then z{t) < YljKi^i (note also that in any case max2;(t) < / + maxy(f)). Therefore, by a 

straightforward computation, one has z{t) < ^ + Yl'u^i Viif) + Yl^i=i h l^j>i "^i- This 

yields (gHI). 

The estimated needed on the quantity maxt<2my{t)i with y as before, is given by Lemma |7.1UI 
stated below. Assuming this lemma, we are in position to establish Theorem 17. H we essentially 
mimic the ideas in Section 4 of ^2]) distinguishing paths with a last step up or down. 

Proof of Theorem l7.lt From now on, one considers paths with / < CcritV^, where Ccrit is the 
constant given by Proposition 17.31 

1'"** case: Paths with last step up. It can be easily inferred from the computations of the 
preceding Sections and of 12 (p. 41) that, up to a negligible error, for each I, one can assume that 

(Ai) the number of self intersections is smaller than B^, for some fixed B > (large enough). 
(^2) the maximal type of a vertex of V, denoted i^'j^{V), satisfies v'^iV) < CN^^^ / hiN . 
{A^) io is of type one. 

Assumptions (^1) is straightforward from Section 5 and Assumption {A2) can be proved using 
formula (|27() . Assumption (^43) follows from the fact that the contribution of paths where io is of 
type at least 2 is of the order M/sn = 0{N^^/^) that of paths for which ig is of type one. 

Remark 7.6. Actually, we can prove that v'^iV) < 4 for paths giving a non negligible contribution 
to the expectation of the Trace. Yet this estimate, needed to consider edges passed at least three 
times, requires some technical tools we only develop in the sequel. 

We can now proceed to the estimation of the contribution of paths with last step up, under 
assumptions {Ai) to (A3). Consider paths of type {No, Ni, . . . , Ni^m)- Let r denote the number of 
non closed vertices of type 2 and q be the number of vertices of J\f2 for which the edge is read at 
least three times for any such path. Then, given (No, Ni, . . . , Ni^m),r < N2 and q < N2, it is easy 
to see that Proposition 14. 71 reads for such paths as 

k=3 k=ll VvA'/ 

Denote hy ui < U2 < ■ ■ ■ < Ur the ranks of the instants of self intersections of type 2 where the non 
closed vertices are chosen. Let also vi < V2 < • • • < Vg he the marked instants of M2 associated to 
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an edge read at least three times. We also set v'^ := I'Ni'P) + ^'n^)- '^^^ contribution of paths of 
type {No, Ni, . . . , Ni^^) with last step up is then at most 



)2 BsP ^2SN ^ 



jl<j2<--<jN2 Ul<U2<---<Ur Vl<V2<---<Vq i = l 

10 /^., , sf.s Nk l+m ^ / r^n , \Ak /"^X 



t\ On. - ^k) i\ Uvs - vs) J-ig N,\ V N'^-' J [ iV^-i J 

(iV2 -^'-g)!?'!?! V 2iV 



{N2 - r - qy.rlql \ 2N J N ) \ N 



- 2Ar ^ Af2 > (Ar2_r-g)!r!(?! V 2N J \ N J 



(49) 



Let Z3(l) be the contribution of all the paths oiVm,i with last up step without self-intersections 
of type greater than 4 (included), for which q = and with edges read at most twice. 

Lemma 7.7. One has that Z3 := ^ Z2.{1) = 0{- — jy^)- 

1=2 

Proof of Lemma 17. 7t We first need a few definitions. Given m > 1, 1 < n < m, and a sequence 
of integers Sj > 0, z = 1, . . . , n, such that ^ Sj = m, we consider the set of trajectories of Tmfl made 
of the succession of n sub-Dyck paths of length 2s j, i = 1, . . . n. We then say that such trajectories 
are of class T = (n, si, . . . , Sn) and call T(m) the set of such classes. One should note that the type 
{p' , h, . . . , lp',mo, • • • , mp'_i, TTip/ = 0) of a trajectory x G %n,i with last step up naturally defines 
the class of the associated Dyck path y. We denote Tj„ the induced class. Then, denoting by Ey^t 
the expectation with respect to the uniform distribution on the trajectories of %nfi of class T and 
using (jinj, one has that 

Zsil) <Tm,i-iew{ ^ -^/'^ 
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(p',/i,...,/p,,mo,...,mp,_i) \ ^ / 0<i<p'-l/m,>0 

< r^,;_i exp {— + -r^jcT^^^ max Ey,T exp {— ^} 50 

since E(p',ii,...,/^,,m„,mi,...,m^,_0 no<i<p'-i/m.>o^'n.,o = ^^.i-i, and 3/2 < 'iCl^^N. In the following, 
C, C, Ci, . . . , Ce denote some constants independent of N . In Lemma !?. 101 whose proof is postponed 
to the end of this section, we show that, given a constant C > 0, there exists C > such that. 



Er C max ?/(<) T 
---v'v y,T[exp{ — ^^^} 

Assuming this holds we finish the proof of Lemma 17.71 It is now enough to show that 

3Ci>0, Yl ^'^'^m,;-iexp{^} <CiAfr,^,o. (51) 

First, by Lemma 17.41 one can find Kq > such that 

N'^^ Yl T^,i-iexp{^}<C'NTs^,o, (52) 

XoiVi/3<i<c,„iVJV 

for some constant C . Indeed, as m one has that 

where in (jHSl), we have chosen ET^ > max{ (}^^4/3 , i- Z];>/roA^i/3 exp {-/ '^°^|^^^^ } = 

0(A^^/3), we obtain that ^ < CsA^T^^o- This yields It is also straightforward that 

ArV3 ^ T„,_iexp{^}<C622^-, (55) 
since ^ T^.z-i < Caf^^^ ~ snTsj^,o- Then, jSSI) and ((SSI) yield JSlI) and Lemma O □ 

2<i<XoArl/3 



< C, for any m. 
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We then denote by Z^^l) the subsum of (flU]) over paths for which u^iV) < s]^"^ , for some 
(small) e > 0. We then show that for such paths and any /, typical paths have edges passed at 
most twice. Note that in this case v'^iV) < 2CA^"'^/^/ In A^. Thus, it is not hard to see that the 
summation of (|i9|) over paths for which unCP) < s]^"^ , and X]j>4 -/Vi > 1 or A'^s > Bs'l^'^/N , 
whatever q is, is o{Z-^{l)) in the large N limit. Finally, assuming that there are no self intersection 
of type strictly greater than 3, it is also easy to see that the contribution of paths with q > 1 gives 
a contribution of the order Z^{1)snt^'i;^ /N = o[Z^{l)). Assuming then that q + Ylk>4^^k = 0, we 
can then proceed as above to show that no vertex of type 3 is in an edge read at least three times 
and that there are no loops. 

Let finally Z^{1) denote the contribution in (|49|) of paths for which > s^y^ where e < 1/32. 

Lemma 7.8. One has Z5 := E^T^^^sCO = 0(^3)- 

Proof of Lemma 17.81 : We first need to introduce a few notations. Given a path of type 
{No, Ni, . . . , Ni^m) with r non closed vertices, we set K := r + X^j>3 iNi + 1, Kq := r + ^^^£3 Ni 
and K' := '^00 Ko + ^^^y 200 Note that K < K' + 1. The choice of the constant 200 is not optimal 
here but is enough for our next computations. Let also Tj be the event 

Tj:= {3 1 < < t2 < • • • < tj < 2sN ■■ x{ti) = x{ti), Mi < j and x{t) > x{ti), Vt G [ti,tj]}. Then 
Fj+i C Tj, y j > 2. As explained in Remark 15. 71 given X' > 1, if a vertex is the left endpoint of i^tv 
up edges in a path, then the associated trajectory x necessarily belongs to F i^n ■ Note also that 

K' + l 

these returns are necessarily made inside a sub-Dyck path yi,i < p' of the trajectory. It is then an 
easy fact that there exists Ci > such that, for any j, I > and for any class T £ T(m), 

Py,T(r,) <44exp{-C7ij}. (56) 

Thus, using and arguments of ^21 (p- 41), there exists C > such that 

Z5{1)< <T ^r^,;-iexp{^}^^^^^J|— ^ j exp{^^} 

Ko 



^ /v^ 1 /3mmaxy(t) + 3m/ + Cs^^\ ^ \ 
X max EyT > — r — Ir • (57) 

T6T(m) "^'^V^KJ^ AT j ^if^J ^ ' 



Let Z'^{1) be the subsum over Ko and Ni,i > 200, such that K' < s]^^ ^\ Then 

3/2 \ 1/2 
,1111 -T^r ^ ^ 

\r6T(m) ' V ' A^ 



Z^[l) < cr ^Tm,i-iexp{—^} { max Ey,T exp{2. ^} 
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J2 ^^P'L 



CsnVN -I 1/2-2 



1/2 



\ l/2-e 



N 



max Pyrfr i^jy 
reT(m) ' ^ 



l/2-2e 



One readily deduces from ^ that Z'^{1) = 0(e^^/S^) = o(Z3(Z)) and thus Z'^ = o{Z3). 



Let then Z'^{1) be the subsum over K' > s 



l/2-2e 



From Lemma 17.101 proven below, the pro- 



portion of paths for which maxi<2m2/(i) > AN^/^sy^^ decreases as Cexp {— Co^^A^^/^}. Choosing 

A large enough then ensures that the contribution of the sole paths for which maxt<2m y{t) < 

AA^^/^s],^^ has to be taken into account. We now restrict to such paths in Z'^{1). This implies in 

„ 3m max y {t) + 3ml + Cs^jl'^ ,ri/6 
particular that there exists 62 > such that — — < C2N ' . 

Using (|56|) . we can find Ki such that 



N 



1/2-1; , 

Sri ^'^N 



N 



TGT(m) L 



1/2 



<C3S 



AT- 



Denote then Z'l^{l) the subsum over s]i'^ < < KiN^^^. Then, either ET^ > s]j'^ '^'/AOO 



l/2-2e 



j>200 '^'^ 



iiV,- > s 



l/2-2e 
iV 



/2. In the latter case, X]j>200 — ^- Thus, there exists C" > such that 



4'i(/)< CV^-r^,/-iexp{^}C34 



Ar2 



1/2-2 
\ K > ^ 



Af,,i>200,J] Af,>l j>200 



< CV2^-r^,,_iexp{^}C34 X N-'' 



(58) 



In the last line, we have used Stirling's formula and the multinomial identity. This yields that 
Zl,{l) = o{Z,{l)). 

Denote finally by Z5 2(0 the subsum over K' > KiN^/^. Then there exists C > such that 



Z'l,{l) < a2^-r„,_iexp{^}exp{CiVi/3} 



+ 



Urn 



^ k,n'^/3 i>200 



Ni 



(59) 



To consider the above sum, we introduce N^ax which is the maximal type of a vertex in the path 



(in particular N^ax < ^'n) and := Ei>200 ^^i- Ei>200 ^ Mo ^"^"^ 



yAfi,i<Ar,„„a;,E iNi=Mo 



< 
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1 i>200 \ / »r^ifliVl/3 Nmaa^<Mo 



_ _ ft-, n1/3 ^ ^ 



KxJV^/3 



(60) 



Inserting this in 1)59^ then yields that Z'^2{^) — o(^3(/))- This finishes the proof that Z5 << Z3 
and finishes the proof of Lemma l7. 81 □ 

Remark 7.9. In the case sn = o{N'^^^), one can see that the paths with non closed vertices can be 
neglected since / << \/iV (c.f. Remark l7.5() . 

2""^ case: Paths with last step down. Here we show that the contribution of paths with last step 
down is of the order of {2a)'^^'^ and that (contrary to paths with last step up) they contribute in a 
non negligible way to the expectation of the Trace. 

We consider the case of a path V of Vm,i with an unmarked origin io- The case where the origin 
is marked leads to similar computations (actually, its suffices to consider, in all the following 
computations, the summation over p>0 instead of p > 1). Thanks to the transformation built in 
Subsection 4.2, given the instant 2k of the first odd edge of V, we can associate to V a path V of 
T-'m,i with a marked origin and a last step up. V has the same vertices and edges as V. And, given 
the level p of the first odd edge, the number of uplets (x', k) is at most Tm-p,i+2p- 
We denote as before by r the number of non closed vertices of V' , z'{t) the number of ways to choose 
a non closed vertex at the instant t, q the number of vertices of M2 associated to an edge passed 
more than three times, and Mi the number of vertices of V' of type greater than 11. We still note 
-p,i+2p the expectation with respect to the uniform distribution on %n-p^i+2p- The contribution 
of paths V with unmarked origin is then at most (using the computations of the previous case) 

X X Tm-p,l+2p^m-p,l+2p [ X X X XT 

IKCcruVN ^-P-"^ '•>0 q>l l<jl,j2,..;jN2<l+'m.Ul<U2<---<UrWl<W2<--<Wq 



-w^ exp {-^^^ + ^} ((ii - 1) • • • n - n (^'-^ - • • • (j'^^ - 
n(3^'fe..)(^^w'n^(^)"'^(--v"f]. 

1 fc=3 " ^ ^ ^ 

Note that (|HT|) < YliKc t^YlKpKm ^m-p,«+2p<7^*^e^*^^^''^^, for some constant C independent of 
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p and m. Thus, as in Proposition 17.31 one can assume that p < CI.j.^^Vn. Indeed, one has 

E 7^™-P,^+2p<C-;^--^<exp{-%!^ (62) 
p>c' -,Vn 

Thus, choosing C^^^^ large enoug h (such that C'^rit /'^ > C), it is easy to deduce that the contribu- 
tion of paths V for which p > C'^j.^^^/N is neghgible in the large limit A^. 

We now assume that p < C^^j^\/]V and come back to the estimation of (|6T|) . Note that V' is 
still a path of T^^i so that the same estimate holds for Yl-^'i^)- Now, it is easy to see that if y' 
(resp. y") is the Dyck path associated to V' (resp. V") maxy'{t) < m.axy"{t) + p. This follows 
from the fact that there are p more down steps in V' than in V" , and in V' , after the first instant 
at which P' and P" may differ at level I + p — 1, one can not go below level I — 1. Note also that 
m < 2{m — p) as p « m. We now turn to the estimation of v'j^iV') as in Remark 15. 71 Assumption 
{A2) (and (A3)) still holds. Observe also that if the trajectory x' of V' comes back from above to 
some given level vn/K times, then the trajectory x" G Tm-p.i+2p comes at least u^/2K times to 
some level (maybe different) without falling below. The probability of such an event still decreases 
as exp {— Ciz/jv/2i^}. In this way, using the same computations as in the analysis of Z5 in 
Lemma l7. 81 we shall be able to show that vn^J-'') ^ s^/i^ in typical paths. 

Let Ey// J-// denote the expectation with respect to the uniform distribution on the trajectories 

of '?2m-2p of class T" . From Lemma [V.10| one has that, given any constant C, 3 (7, independent 

/ Cmaxy"(t) \ ~ 

of T", p and m, such that Ey// x" \ exp{ -= } I < C. Using this and mimicking ()5U() . one 

' V ^Jm J 

obtains that the contribution of paths with unmarked origin is 



in < E E 7;n_,,,+2pexp{^^^ + 7=^'" E E 



1 / ,18m3/2 maxw"(t), 
E ^Ey,,,. exp{-- ^} 



(p',li,...,lp, ,mo,mi,...,mp,) 

1 fCsNV' 



N 



ll \ N , 

k=3 



10s2 /AT 




< E E W2X^- E E -p{^ + 7=i 

l<C,r^t^l<P<C'^„,^m 7V3,...,^io,Mi g=0 

l/C...-y 1 (C's%Y-^fr 1 ( CiUm)^ Y^ {N-y^r\ Cs% 
ql\ N J m[ J ii m V N^~' J Mil """P^ Ar2 ^ ^^"^^ 



fc=4 
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Call the subsum corresponding to the case where q = and M2 = Mi + X]i>4 = 0- We then 
show that there exist some constants Di,D2 > 0, independent of N, such that 

Ze < Di i2af'^ exp {D2S%/N^}. (64) 

To obtain (|64() . it is enough to prove that there exists some constant D > such that 

CcritVN C'^rit^ 



E E 7;n-,,+2pa^-exp{^}exp{^}<D22-a2-. (65) 



Z=0 p=l 

3 /2 7 

Consider first the case where p > kol where ko = sup is such that ^ < Then, we can 

perform the summation over (even) /, yielding that Ym=()''^ '^m~p,i+2p < ^^25^^^- We then deduce, 
as in any case m > 8^/4, that 3D > such that 



2SA 



The case where / > p/ko is analyzed in a similar fashion. This gives (jHU- 

From this result, we can readily deduce that typical paths V amongst those associated to a path 
V' for which vnCP') < s^^'^ ^, have no edges passed more than twice and are without loop. Finally 

the contribution of paths V associated to paths V for which vn{T^') > s\!j^ is analyzed as Z5 
(see Lemma l7.8() . Their contribution is negligible with respect to (20")^*^. Combining the whole 
ensures that the limiting contribution of paths with last step down depends only on = o". □ 



To complete our proof, we shall now prove the following estimate. 
Lemma 7.10. Given a constant C , there exists C > 0, independent of m and T £ T(m-), such that 

Remark 7.11. A similar estimate for general Dyck path y of length 2m (i.e. without assuming a 
particular decomposition in sub-Dyck paths) was used in ,12, (Lemma 6), but not proved. 



Proof of Lemma 17.101 We give here a proof based on some geometrical considerations. 

f** case: No specified number of sub-Dyck paths. We first show that there exist constants Co, Co 

independent of m, such that, under the uniform distribution on '72m> 

P(maxy(t) = k) < -^exp{-^^}, if A; > Ay/WiCo- (66) 
^ym 2m 
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Consider first a general Dyck path y of length 2m. The probability that its maximum is k is at 
most, if denotes the number of paths with 2n steps ending at level k without going below or 
above k, 

P(maxy(t) = A:) < ( ^ ( ^'-^^--^J^+^^^n^^^'rn-2n-i \ t^t'^A . (67) 

-'2n-'2m-2n / ^ 

This follows from the fact that such a path is the concatenation of a path T2n{+i) ^"^^ 
'^2s-2n(-i)- Actually, in the previous sum, 2n(+l) should be seen as the first instant one reaches 
the level k. Now, we show that there exists constants Ci,C[,Co > such that for k > ACo^/rn, 




We only prove the inequality for T2„. Recall first that TJ^ equals to the number of positive paths 
y of length 2n beginning at and ending at k. On the other hand, by a simple application of the 
symmetry principle, it is easy to see that ^2^^^^^"*^ counts the number of paths that go from to 
k touching -1. So, one can write that: 

rj^k _ rpk ^n+k/2+1 u^-l,A:+l 
-^2n — -^2n ^2n B-'fe 

where TfT^'^^^ is the set of paths of length 2n that go from to A; touching both —1 and k + 1. We 
shall estimate its cardinal. Note that either such a path goes to A; + 1 after the first time it goes to 
— 1 or it goes first to A; + 1 then to —1 and joins k without reaching A: + 1 afterwards. 
First, by a simple symmetry principle, it is easy to see that paths which go to /c + 1 after the first 
time it goes to —1 are in bijection with paths of length 2n beginning at and ending at — (A; + 4). 
So there are exactly such paths. Now, as A; < 2n < 2m — k, by Lemma 17.41 one has 

rpk ^n+k/2+l ^n+k/2+2 rpk rpk+2 .2 r C l- 

^2n ^2n ^2n ^2n ^2n ^ ^ I ^o>^ 



<C2-exp|-^|. (69) 



TL Tl n - L n 

where C2 and Co are two constants independent of n. Note that Co can be chosen equal to 96^^. 
The numbering of the paths which reach k + 1 before —1 and joins k without reaching k + 1 
afterwards is quite more subtle and we only obtain an upper bound. The trajectory of such a path 
can be described as follows. Call 2t + 1 the last instant where the trajectory is at level k + 1. Call 
then 2t' + 1 the last instant where the trajectory is at level —1. 

Assume first that 2t + 2 < 2n(2/3). In Between and 2t + 1 the trajectory goes from to A; + 1 
without touching —1. Then the trajectory in between 2t + 2 and 2n goes from k to k without 
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touching k + 1 (and reaches —1, but we will forget this constraint). Then, using that for any n and 

C k"^ 

k < 2n, < A;exp{ — }T2„ (c.f. Lemma m|) . the number of such paths is at most 



n 

2t+1^2n-2t~2 



2i<2n{2/3) 

< 2(fc + 3)exp{-^} Yl ew{-Cok'{j - -)}TgTl_,,_, 

Tl t Ti 

2<2t<2n(2/3) 

fi 1.2 1+3/2 1-2/3 1 1.2 

<C,{k + 3)e^p{-^}^^Tl —- ^exp{-^(l/u-l)}dn (70) 

<C4AT0„exp{-^}. (71) 
Jn n 



To derive the last line, we have used the fact that Cok"^ /2n > 2C^ to bound the integral in (|7U() . 
If now 2t > 2n(2/3), then 2t' > 2n(2/3). And the path can be described as follows. Between 
and 2t' , the path goes from to 0. Then, the path goes from —1 to k without touching k + 1 m 
2n — {2t' + 1) steps with 2n — {2t' + 1) < 2n(2/3). Thus the number of such paths can be majorized 
as above. Formulas 1)691) and (|71() finally imply formula 1)68(1 . 

Set now n = um. There exists C5 independent of n and m, such that 

rpk rpk 

-^2n(+l) -^2m-2n(-l) 



7^0 7^0 

^2n -^2m-2n 



Thus by (O, one has 

exp{- %|^(l/n + l/(l-n)}rOA- .. , 2C^e 
exp{-^} nm 



maxy(t) = fe) < C5 2^ ag^fcz , 7f^ exp{ }.(73) 



m 

n=um 



Such sum will be divided in three subsums: according to m/10 < n < 9m/10, then to n < m/10 
and finally for n > 9m/10. For m/10 < n < 9m/10, we can use Stirling's formula to obtain that 
this subsum can be majorized by a term similar to the announced bound, since 

^2n^2m-2n ^ ~/='^2m- C^^) 

m/10<n<9m/10 ^ 

exp{-¥(i + ;^)} 

When n < m/lO, we use the fact that ^„ , , < exp{— Co— |. Thus 

exp{-^} - 4n^ 

^ exp{-g^(i + ;^)} exDl-^l-^rO <-^rO (75) 

^ exni-2^T J2nJ2m-2n< 2^ ^Xp | j- < /^J2m, i^^j 

n<m/W L m J n<m/10 ^ 
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for some constant Cq,Ci independent of m, by a straightforward comparison with an integral. 
Here the constant C7 does not depend on m, as k > 4Co\^. We can obtain by symmetry a similar 
bound for the sum over n > ^ (as m — n < j^). Combining then ((TSJ, ()74() and (|73() leads to (|66() . 

2""^ case: A specified number of sub-Dyck paths. We can now finish the proof of Lemma IT.IOL 
Here it is enough to prove that 3 Cq,Co, independent of m and T £ T(m), such that, under the 
uniform distribution on trajectories of 7^*^ and class T = (p' + 1, nio, ■ ■ ■ , rripi), then 

P(maxy(t) = k) < ^ exp {-Co }, if A: > ACo^M- (76) 

2m 

Here Co is the same constant as in Set = rrii/ni so that X]?=o ~ Obviously, if 

k > Co^/rn then /c > Co^/rni■ Then, by the above computations, one has that 

P(maxy(t) = A;) = P(3i < p',maxyi(t) = A:) < V -^e I J ^ J 



j=0 



^ C2 r aA;^-! A r Cok' 1 

where in the last line we have used that 1/ ^/al < cexp |^^^(^ ~ ''^-^l ^ — 4Co\/m and ai < 1. 
Note that the constant C2 does not depend on p' . Then, (|76|1 holds since one has 

1=1 * q>l 

by using the fact that the number of Qj in any interval [l/{q + 1), 1/q] with g > 1 is not greater 
than q + 1 (since Yl^=o'^i = f)- Thus A is a constant independent of p'. Note that this estimate 
holds for any value of the ai also. This finishes the proof of Lemma 17.101 □ 

Remark 7.12. The investigation of higher moments is a mimicking of the arguments of Section 6 
and ^2] (p- 42). This is not detailed further. 

Remark 7.13. In the case where < < <t, it suffices to observe that pg < 2a. Thus, all the results 
of Sections 4 to 7 show that contribution of paths having at least one unreturned edge {I > 0) 
is negligible in the expectation and higher moments at any scale 1 << sat < 0{N'^^^) and that 
the main contribution comes from even paths (/ = 0). As a result, if < < cr, the decentring 
matrices do not affect the limiting behaviour of the largest eigenvalue of M^. This behavior 
is then the same as that of the Gaussian Ensemble of the same symmetry (and for which 9 = 0). 
In particular, the limiting distribution of the largest eigenvalue is given by the classical GUE or 
GOE Tracy- Widom distribution. The same conclusion holds for the joint distribution of the k first 
largest eigenvalues, for any fixed integer A; > 1. This completes the proof of Theorems 11.41 and 
Theorem 11.51 
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